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IRREDUCIBLE ADMISSIBLE MOD-p REPRESENTATIONS OF METAPLECTIC
GROUPS
KAROL KOZIO L AND LAURA PESKIN
Abstract. Let p be an odd prime number, and F a nonarchimedean local field of residual characteristic p.
We classify the smooth, irreducible, admissible genuine mod-p representations of the twofold metaplectic cover
S˜p
2n
(F ) of Sp
2n
(F ) in terms of genuine supercuspidal (equivalently, supersingular) representations of Levi
subgroups. To do so, we use results of Henniart–Vigne´ras as well as new technical results to adapt Herzig’s
method to the metaplectic setting. As consequences, we obtain an irreducibility criterion for principal series
representations generalizing the complete irreducibility of principal series representations in the rank 1 case,
as well as the fact that irreducibility is preserved by parabolic induction from the cover of the Siegel Levi
subgroup.
1. Introduction
1.1. Context. Let p be an odd prime number, and F a nonarchimedean local field of residual characteristic
p. The irreducible admissible mod-p representations of a connected reductive group over F have recently been
classified up to supercuspidals by Abe–Henniart–Herzig–Vigne´ras [1], completing a line of research begun
by Barthel–Livne´ in the 1990s ([3], [4]). Their classification is part of an ongoing effort to formulate a
mod-p local Langlands correspondence, which aims to generalize the existing correspondence, due to Breuil
[6], between certain two-dimensional mod-p representations of Gal(Qp/Qp) and certain admissible mod-p
representations of GL2(Qp). It is expected that such a correspondence would be compatible with a p-adic local
Langlands correspondence; this is the case for GL2(Qp), where the p-adic correspondence is due to Colmez,
Kisin, Pasˇku¯nas, and others (see [8], [18], [25]; see also [9] for a recent treatment, and [5] for an overview).
Furthermore, it is expected that a mod-p local Langlands correspondence would reflect information about
mod-p automorphic forms via generalizations of Serre’s conjectures.
In the setting of C-representations, recent advances have raised the possibility of incorporating covers of
reductive algebraic groups into the local Langlands correspondences. So far, the results are most complete in
the case of the metaplectic double cover of Sp2n(F ). In this case, Gan–Savin [10] produced a correspondence
between C-representations of the metaplectic double cover of Sp2n(F ) and certain Weil-Deligne representations
by composing the theta correspondence (properties of which were established in the necessary generality in
loc. cit.) with the local Langlands correspondence for odd special orthogonal groups. More recently, work
of Weissman ([33], [34]), Gan–Gao [11], and others has laid groundwork for conjectural local Langlands
correspondences of C-representations for a general class of covering groups. In particular, Weissman has
constructed a candidate for the L-group of a Brylinski–Deligne cover of a quasisplit algebraic group, whose
specialization to Gan–Savin’s setting explains some surprising features of the local Langlands correspondence
for the metaplectic cover of Sp2n(F ) (see [11] §12).
As the two aforementioned programs develop, it is natural to ask what role the modular representations of
covering groups might play. In the mod-ℓ setting, for ℓ sufficiently large, Mı´nguez [22] has shown the existence
of a bijective theta correspondence for type II dual reductive pairs over a nonarchimedean local field of residual
characteristic p 6= ℓ; he also found that the analogous map can fail to be bijective for certain small values of ℓ.
In the mod-p setting, Shin [29] notes that several key ingredients of the classical theta correspondence are no
longer available at all, and he proposes new geometric constructions to take their place in a hypothetical mod-p
theta correspondence. In particular, he constructs algebraic Weil representations of metaplectic group schemes
which agree with the classical objects upon taking C-coefficients, but whose specializations to Fp-coefficients
depend on the input of a p-divisible group and are not, in general, representations of the metaplectic double
cover of Sp2n(F ) considered here. Computations using Shin’s constructions [28] raise intriguing questions,
and probably require more data (particularly for type I dual reductive pairs) to interpret.
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We aim to provide some initial information regarding the mod-p representation theory of metaplectic groups
over local fields, in the hope that this will help shape hypothetical mod-p versions of the above correspondences.
1.2. Main results. Our main result is a classification of the smooth, irreducible, admissible, genuine mod-p
representations of the metaplectic double cover of Sp2n(F ) in terms of supercuspidal representations (from
now on, “representation” will always mean “smooth Fp-representation”). This generalizes a classification by
the second-named author [26] for the metaplectic double cover of SL2(F ). We will denote Sp2n(F ) by G and
its metaplectic cover by G˜, and we refer the reader to §2.2 for a construction of G˜. Here we note only that
there is an open, continuous surjection pr : G˜ −→ G with kernel isomorphic to {±1}, and that a genuine
representation of G˜ is one which does not factor through pr. We also fix a maximal torus T in G, and a Borel
subgroup B containing T . Given any closed subgroup H of G, we let H˜ denote the subgroup pr−1(H) of G˜.
We closely follow the existing classifications of irreducible admissible representations of p-adic reductive
groups ([2] in the split case, [1] in general) which build on the techniques introduced by Herzig in [15]. In
particular, our classification is expressed in terms of supersingular triples (P˜−, σ, Q˜−). Here P is a standard
parabolic subgroup of G (that is, a parabolic subgroup containing B), σ is a genuine supersingular represen-
tation (we will discuss this term presently) of the Levi factor of P˜ , and Q˜− is the preimage in G˜ of a standard
parabolic subgroup of G satisfying some conditions with respect to P˜− and σ.
Given a supersingular triple (P˜−, σ, Q˜−), we define a certain parabolically induced genuine G˜-representation,
denoted by I(P˜−, σ, Q˜−). After defining two supersingular triples (P˜−, σ, Q˜−), (P˜ ′−, σ′, Q˜′−) to be equivalent
if P˜− = P˜ ′−, Q˜− = Q˜′−, and σ ∼= σ′, we obtain the following classification as our main result:
Theorem (Theorem 4.13). The map (P˜−, σ, Q˜−) 7−→ I(P˜−, σ, Q˜−) gives a bijection between equivalence
classes of supersingular triples and isomorphism classes of irreducible admissible genuine representations of
G˜.
We now discuss the ingredients needed to state the classification more precisely.
1. Supersingular representations. We refer the reader to Definition 4.4 for the precise definition of supersingu-
larity in our context. The notion of a supersingular representation was introduced by Barthel–Livne´ ([4], [3])
in the case of GL2(F ), and a generalized definition for split reductive groups was made by Herzig ([15] §1.2.1)
using the mod-p Satake transform of [16]. The central piece of the definition is a condition on the systems of
eigenvalues which occur in weight spaces of a representation under the action of the associated spherical Hecke
algebras: no such system of eigenvalues may factor through a Satake transform to a spherical Hecke algebra of
any proper Levi subgroup. Herzig also requires supersingular representations to be irreducible and admissible
(admissibility was not required by [4], [3]), and shows that supersingularity is equivalent to supercuspidality
for this class of representations. We essentially adopt Herzig’s definition (adding a genuineness condition),
using results of Henniart–Vigne´ras [13] which guarantee that Herzig’s mod-p Satake transform adapts well to
the metaplectic case. For the appropriate definition of supercuspidality in our case, supersingularity is again
equivalent to supercuspidality (see below).
2. Generalized Steinberg representations. Let P ⊂ Q be two standard parabolic subgroups of G, and let
P− ⊂ Q− denote the respective opposite parabolic subgroups. The generalized Steinberg representation
associated to the pair (P−, Q−) is defined to be
StQ
−
P−
:= IndQ
−
P−
(1)
/∑
Q′
IndQ
−
Q′−
(1),
where the sum runs over standard parabolic subgroups Q′ such that P− ( Q′− ⊂ Q−, and where 1 denotes
the trivial representation of each group Q′ in turn. Each StQ
−
P−
is an irreducible admissible representation of
Q− (see [20], The´ore`me 3.1, and note that the unipotent radical of Q− acts trivially). In the following, we
will let StQ
−
P−
denote the representation of Q˜− obtained by inflating the generalized Steinberg representation
of Q− (note that this inflation is not a genuine representation of Q˜−).
3. Supersingular triples. Let P be a standard parabolic subgroup of G with Levi factor M , and let σ be a
genuine supersingular representation of M˜ . We define a certain standard Levi subgroupM(σ) ⊃M of G such
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that σ extends uniquely to a genuine representation eσ of the preimage M˜(σ) (see §4 for an explicit definition
ofM(σ)). Let P (σ) be the standard parabolic subgroup of G whose Levi factor is M(σ), and let Q be another
standard parabolic subgroup of G. We say that (P˜−, σ, Q˜−) is a supersingular triple if P˜− ⊂ Q˜− ⊂ P˜ (σ)−.
4. G˜-representation associated to a supersingular triple. Let (P˜−, σ, Q˜−) be a supersingular triple, let P˜ (σ)
denote the parabolic subgroup of G˜ mentioned in the previous point, and inflate eσ from M˜(σ) to P˜ (σ)−.
We then define
I(P˜−, σ, Q˜−) := IndG˜
P˜ (σ)−
(
eσ ⊗ St
P (σ)−
Q−
)
.
Following [1], we show in Proposition 4.9 that I(P˜−, σ, Q˜−) is irreducible, admissible, and genuine whenever
(P˜−, σ, Q˜−) is a supersingular triple.
Using the classification theorem above, we obtain several consequences. We say that an irreducible admis-
sible genuine representation π of G˜ is supercuspidal if π is not isomorphic to a subquotient of the parabolic
induction of an irreducible admissible genuine representation of a proper Levi subgroup of G˜. We then have:
Theorem (Proposition 4.14). Let π be an irreducible admissible genuine representation of G˜. Then π is
supersingular if and only if π is supercuspidal.
Next, let PS denote the (standard) Siegel parabolic subgroup, and MS ∼= GLn(F ) its standard Levi factor.
The classification theorem above, together with the analogous result in the reductive case, implies that
parabolic induction from M˜S preserves irreducibility:
Theorem (Lemma 4.17). Let σ be an irreducible admissible genuine representation of M˜S. The parabolic
induction IndG˜
P˜−S
(σ) is then an irreducible admissible genuine representation of G˜.
In addition to the above, we also obtain the following information about the genuine principal series
representations of G˜. Here Π denotes the set of simple roots of G with respect to T and B, and for α ∈ Π,
α˜∨ denotes a certain canonical map F× −→ T˜ (which is not a homomorphism in general) lifting the coroot
α∨ : F× −→ T ; see §2.3.
Theorem (Corollary 4.18). Let σ be a genuine character of T˜ .
(1) The length of IndG˜
B˜−
(σ) is at most 2n−1, and is equal to 2n−1 if and only if σ ◦ α˜∨(x) = 1 for every
x ∈ F× and every short root α ∈ Π.
(2) The representation IndG˜
B˜−
(σ) is irreducible if and only if, for every short root α ∈ Π, there exists
xα ∈ F× such that σ ◦ α˜∨(xα) 6= 1.
(3) Let σ′ be a genuine character of T˜ such that σ 6= σ′. Then IndG˜
B˜−
(σ) and IndG˜
B˜−
(σ′) are inequivalent.
We thus get an irreducibility criterion for principal series representations of G˜ which involves fewer condi-
tions than the analogous criterion for G (compare [2], Theorem 1.3): in our criterion, no role is played by the
restriction of σ to the image of α˜∨ for the long root α ∈ Π. Our irreducibility criterion generalizes the fact
([26]) that S˜L2(F ) has no degenerate mod-p principal series representations, and therefore no obvious mod-p
analog of the nonsupercuspidal elementary Weil representation.
1.3. Techniques. In most respects, the methods of Herzig [15], Abe [2], and Abe–Henniart–Herzig–Vigne´ras
[1] for reductive groups over F turn out to go through for the metaplectic group G˜ with only minor adaptations.
The work of Henniart–Vigne´ras in [13] and [12] establishes many of the technical ingredients of Herzig’s
method for a large class of groups including G˜; others are easily adapted from the reductive case (see §2.6).
Consequently, whenever a proof requires only minor cosmetic changes from the analogous proof in the reductive
case, we often simply give a reference to the literature. For the sake of completeness, however, we have
attempted to give a more detailed account of the classification proof (§4).
The main difference between the metaplectic and reductive cases appears in the change-of-weight step, in
which one finds a criterion for the existence of an isomorphism
χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ )
∼
−→ χ⊗H
G˜
(V˜ ′) ind
T˜
K˜
(V˜ ′).
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Here, V˜ and V˜ ′ are irreducible genuine representations of the maximal compact subgroup K˜ ⊂ G˜, H
G˜
(V˜ )
denotes the Hecke algebra of G˜-intertwiners of the compact induction indG˜
K˜
(V˜ ) (and likewise for V˜ ′), and χ
denotes an Fp-character ofHG˜(V˜ ) (viewed also as a character of HG˜(V˜
′) via a natural identification of the two
algebras). We find a criterion (Theorem 3.1) for the existence of such an isomorphism which is strictly weaker
than the analogous criterion for G. (See [2], Theorem 4.1 for the change-of-weight criterion applicable to G.)
This weakening of the change-of-weight criterion is responsible for the relative weakness of the irreducibility
criteria of Lemma 4.17 and Corollary 4.18, as compared to the criteria for representations of G.
The proof of our change-of-weight criterion is given in §3, and involves computing the Satake transform of
a certain Hecke operator. In §4, after adapting the notion of supersingularity to our context and modifying
the change-of-weight criterion as per the result of §3, we continue with the classification as in the reductive case.
Acknowledgements. The authors would like to thank Florian Herzig for suggesting the alternate proof of
Proposition 3.3 in the case of a short simple root. Some of this work was carried out while the first-named
author visited the University of British Columbia, and both authors wish to thank Rachel Ollivier for her
support via an NSERC Discovery Grant. The first-named author was supported by NSF grant DMS-1400779
and an EPDI fellowship. The authors thank the anonymous referee for several useful comments.
2. Notation and Preliminary Results
Let p be an odd prime and F a nonarchimedean local field of residual characteristic p. We let O denote the
ring of integers of F , ̟ ∈ O a fixed uniformizer, and k the residue field O/̟O. We fix an algebraic closure
k of k, and denote the order of k by q. Furthermore, we let µ2 := µ2(F ) = {±1} denote the group of square
roots of unity in F , and let
(−,−)F : F
× × F× −→ µ2
denote the quadratic Hilbert symbol.
2.1. Symplectic groups. Fix an integer n ≥ 1 and let G := Sp2n denote the symplectic group of rank n,
defined and split over F . We will abuse notation and write G for G(F ), the group of F -points (and similarly
for other algebraic groups over F ). We fix a split maximal torus T , and we choose a hyperspecial point in the
corresponding apartment of the Bruhat–Tits building of G. Such a point gives a connected reductive integral
model of G over O, and we continue to denote this model by G. We set K := G(O), which is a hyperspecial
maximal compact subgroup. The finite group of k-points of G will be denoted G(k).
Let X∗(T ) (respectively, X∗(T )) denote the group of algebraic characters (resp., cocharacters) of T (or,
more precisely, of the algebraic group defining T ). Let Φ ⊂ X∗(T ) denote the root system of G with respect
to T ; thus Φ is a root system of type Cn. We fix a set of simple roots
Π := {αi : 1 ≤ i ≤ n},
labeled so that αn is the unique long simple root and so that the roots αi and αi+1 are adjacent in the Dynkin
diagram of G. We fix a Z-basis {χi : 1 ≤ i ≤ n} for X∗(T ), where 2χn := αn and χi := αi + χi+1 for
1 ≤ i ≤ n− 1. Let
〈−,−〉 : X∗(T )×X∗(T ) −→ Z
denote the natural perfect pairing, and let α∨i ∈ X∗(T ) denote the coroot corresponding to αi for 1 ≤ i ≤ n
(normalized so that 〈αi, α∨i 〉 = 2). We fix a Z-basis {λi : 1 ≤ i ≤ n} for X∗(T ), where λn := α
∨
n and
λi := αi + λi+1 for 1 ≤ i ≤ n− 1. Note that 〈χi, λj〉 = δi,j .
The simple roots define a partition Φ = Φ+ ⊔ Φ− and a partial order ≤ on X∗(T ): we say λ ≤ µ if
µ − λ =
∑n
i=1 aiα
∨
i , where ai ∈ Z≥0. Moreover, the set Π also defines the monoid X∗(T )− of antidominant
cocharacters, given by
X∗(T )− := {λ ∈ X∗(T ) : 〈α, λ〉 ≤ 0 for all α ∈ Π}.
For α ∈ Φ, we let Uα denote the root subgroup associated to α, and let uα : F
∼
−→ Uα denote a fixed
root morphism such that the set {uα : α ∈ Φ} satisfies the properties of Lemma 8.1.4 of [30]. In particular,
tuα(x)t
−1 = uα(α(t)x) for t ∈ T , x ∈ F . Furthermore, since G is (the group of F -points of) a Chevalley
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group, we may and will choose our root morphisms so that all structure constants cα,β;j,k appearing in the
commutator formula (for β 6= ±α)
(1) [uα(x), uβ(y)] := uα(x)uβ(y)uα(x)
−1uβ(y)
−1 =
∏
j,k>0
jα+kβ∈Φ
ujα+kβ(cα,β;j,kx
jyk)
belong to Z (where the product is taken with respect to some fixed total order on Φ). We will also assume
that the subgroup K is generated by {uα(x) : α ∈ Φ, x ∈ O}.
Let B denote the Borel subgroup of G with respect to Π, and let U denote the unipotent radical of B. Thus
B is generated by T and Uα for α ∈ Φ+. We let B− = T ⋉ U− denote the opposite Borel subgroup. More
generally, the notation P = M ⋉N will be used to denote parabolic subgroups of G, while P− = M ⋉N−
denotes the opposite parabolic. We say P = M ⋉ N is a standard parabolic subgroup if P is a parabolic
subgroup containing B, N is its unipotent radical contained in U , and M is a Levi subgroup containing T .
Moreover, we say a subgroup of G is a standard Levi subgroup if it is the Levi factor of a standard parabolic
subgroup.
Standard parabolic subgroups correspond bijectively to subsets of Π. For a subset J ⊂ Π, we let PJ =
MJ ⋉ NJ denote the corresponding standard parabolic subgroup. Reciprocally, for a standard parabolic
subgroup P = M ⋉N , we will denote by ΠM the corresponding subset of Π. For λ ∈ X∗(T )−, we will write
Pλ = Mλ ⋉ Nλ for standard parabolic subgroup corresponding to the subset {α ∈ Π : 〈α, λ〉 = 0}; see [30],
§13.4.2 and 15.4.4. We define the Siegel parabolic subgroup PS = MS⋉NS as the standard parabolic subgroup
corresponding to the subset
ΠS := {α1, . . . , αn−1}.
The Siegel Levi subgroup MS is isomorphic to GLn(F ).
We will also need to consider the symplectic similitude group, so we set notation for it here. Let GSp2n(F )
be the group of F -points of GSp2n, defined and split over F , and chosen such that Sp2n ⊂ GSp2n. The
group GSp2n(F ) is the group of linear transformations of a 2n-dimensional vector space over F which preserve
a fixed symplectic form up to a nonzero scalar. The torus T of G is contained in a (split) maximal torus TG
of GSp2n(F ), and we let λn+1 denote a fixed cocharacter of TG such that {λ1, . . . , λn, λn+1} is a Z-basis for
X∗(TG). We then have GSp2n(F )
∼= Sp2n(F )⋊ λn+1(F
×).
2.2. Covering groups. We now discuss covers of Sp2n(F ) and GSp2n(F ). Our main reference is [11] (espe-
cially §16.1 and §16.3), which in turn is based on [7].
The general framework of [7] shows how to construct central extensions of the form
1 −→ K2 −→ GSp2n −→ GSp2n −→ 1
as sheaves of groups on the big Zariski site of Spec(F ), where K2 is the sheaf of groups associated to K2 in
Quillen’s K-theory. By Theorem 6.2 of loc. cit. (see also §2.5 of [11]), the category of such extensions is
equivalent to a category whose objects are triples (Q, E , f), where
Q :
n+1⊕
i=1
Zλi −→ Z
is a quadratic form invariant under the Weyl group of GSp2n, E is a certain group extension, and f is a
certain isomorphism. The precise definitions of E and f are not relevant for our purposes, but let us only
mention that for every choice of Q as above, there exist E and f for which the triple (Q, E , f) satisfies the
necessary coherence properties (cf. [11], §2.6).
Let Q denote the Weyl-invariant quadratic form defined by
Q
(
n+1∑
i=1
aiλi
)
=
n∑
i=1
(a2i + aian+1).
Note in particular that Q(α∨i ) = 2 if 1 ≤ i ≤ n− 1 and Q(α
∨
n) = 1. We fix choices of E and f for which the
triple (Q, E , f) satisfies the relevant coherence conditions, and we let GSp2n denote the associated extension
of GSp2n by K2. Since H
1(F,K2) = 0, upon taking F -points we obtain
1 −→ K2(F ) −→ GSp2n(F ) −→ GSp2n(F ) −→ 1,
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and we define the topological group G˜Sp2n(F ) by pushing out the above exact sequence by the quadratic
Hilbert symbol (−,−)F : K2(F ) −→ µ2 :
1 −→ µ2 −→ G˜Sp2n(F ) −→ GSp2n(F ) −→ 1.
We shall need a more explicit description of the maximal torus of G˜Sp2n(F ). Fix two cocharacters λ, λ
′
of the torus of GSp2n(F ), and let x, y ∈ F
×. Letting λ˜(x) and λ˜′(y) denote arbitrary lifts of λ(x), λ′(y) to
G˜Sp2n(F ), we obtain the following commutator formula (cf. [11], §3.3):
(2)
[
λ˜(x), λ˜′(y)
]
= (x, y)
Q(λ+λ′)−Q(λ)−Q(λ′)
F .
In particular, if λ =
∑n
i=1 aiλi and λ
′ = λn+1, we obtain
(3)
[
λ˜(x), λ˜′(y)
]
= (x, y)
∑n
i=1 ai
F ,
while if λ =
∑n
i=1 aiλi and λ
′ =
∑n
i=1 a
′
iλi, then
(4)
[
λ˜(x), λ˜′(y)
]
= (x, y)
∑n
i=1 2aia
′
i
F = 1.
Finally, we define G˜ = S˜p2n(F ) to be the pullback to G of the cover G˜Sp2n(F ) −→ GSp2n(F ):
1 // µ2 // G˜Sp2n(F ) //

GSp2n(F ) // 1
1 // µ2 // G˜
pr //
OO
G //
OO
1
Here, pr : G˜ −→ G denotes the projection map, which is continuous and open. We will identify µ2 with its
image in G˜ via the injection above.
The group G˜ is isomorphic to the classical metaplectic double cover constructed by Weil (see §16 of [11],
§4.3 of [33], or Proposition 4.15 of [7]). When necessary, we will work with coordinates on G˜ as follows: as a
set, we identify G˜ with G×µ2, with product given by (g, ζ) · (g′, ζ′) = (gg′, σ(g, g′)ζζ′). Here, σ denotes Rao’s
cocycle (cf. [27]), whose image in H2(G,µ2) ∼= µ2 gives the nontrivial class. In particular, if m,m
′ ∈ MS, we
have
(5) (m, ζ) · (m′, ζ′) = (mm′, ( detMS(m), detMS(m
′))F ζζ
′)
(cf. loc. cit., Lemma 5.1(iii) and Corollary 5.5(2)).
We state one final fact, which is implicit in many calculations below. Let g, g′ ∈ G, and let g˜, g˜′ ∈ G˜ be
arbitrary choices of lifts. By 2.II.1 Proposition and 2.II.5 Lemme of [23], the elements g and g′ commute in
G if and only if g˜ and g˜′ commute in G˜. Note that this is not true for GSp2n(F ) and its double cover (cf.
formula (2)).
2.3. Splittings and distinguished elements. The cover G˜ −→ G splits over certain subgroups of G, as
follows. If N is any unipotent subgroup of G, then §3.2 of [11] shows that the extension splits uniquely over N .
Likewise, §4.4 of loc. cit. shows that the extension also splits uniquely over the maximal compact subgroup K
(our assumption that p 6= 2 is necessary here). We remark that one may prove these results in a much more
“hands-on” way by computing H1(−, µ2) and H
2(−, µ2) (and utilizing §11 of [24]). Similar cohomological
arguments show that the extension splits uniquely over N ∩ K, and therefore the splittings over N and K
must agree on N ∩K.
If H is any closed subgroup of G, we will denote by
H˜ := pr−1(H)
the preimage of H in G˜. If H is either K or a unipotent subgroup of G (or the intersection thereof), we
will write H∗ for the image of H under its unique splitting, which gives H˜ ∼= H∗ × µ2. If H is some closed
subgroup of K (for example, M ∩K for some standard Levi M), we will use H∗ to denote the image of H in
K∗ by the splitting over K (note that the splitting over such an H is not unique in general). Additionally,
the factorization P = M ⋉N of a standard parabolic subgroup lifts to P˜ = M˜ ⋉N∗, and we refer to P˜ as a
standard parabolic subgroup of G˜.
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Let α ∈ Φ. Since the cover G˜ −→ G splits uniquely over Uα, we may compose the root morphism uα with
the splitting to obtain a homomorphism
u˜α : F
∼
−→ U∗α ⊂ U˜α.
Given this, for α ∈ Φ and x ∈ F× we define
α˜∨(x) := u˜α(x)u˜−α(−x
−1)u˜α(x− 1)u˜−α(1)u˜α(−1).
The element α˜∨(x) ∈ T˜ is a preimage of α∨(x) ∈ T . Note that α˜∨ is not a homomorphism in general.
Since the group G is simply connected, we have X∗(T ) =
⊕n
i=1 Zα
∨
i . Given λ ∈ X∗(T ), we write λ =∑n
i=1 aiα
∨
i , and define
λ˜(̟) :=
n∏
i=1
α˜∨i (̟)
ai .
The element λ˜(̟) ∈ T˜ is a preimage of λ(̟) ∈ T . Moreover, since T˜ is commutative (cf. equation (4)), the
map λ 7−→ λ˜(̟) is an injective homomorphism which induces an isomorphism X∗(T )
∼
−→ T˜ /(T˜ ∩ K˜).
2.4. Representations and weights. All representations will have coefficients in Fp unless noted otherwise.
Let H be any closed subgroup of G or of G˜, and V a representation of H . The representation V is called
smooth if for every vector v ∈ V the stabilizer of v is an open subgroup of H . All representations appearing
will be assumed to be smooth. We denote by V H (resp., VH) the subspace of invariants (resp., coinvariants)
under the action of H . We say V is admissible if V J is finite dimensional over Fp for every open subgroup J
of H . Finally, let ε : µ2 −→ F
×
p denote the nontrivial character of µ2. If H is any closed subgroup of G and
H˜ its preimage in G˜, then a representation V of H˜ is called genuine if ζ · v = ε(ζ)v for all ζ ∈ µ2.
A weight of K is an irreducible representation ofK, and a weight of K˜ is a genuine irreducible representation
of K˜. Every weight of K˜ is of the form V˜ = V ⊠ ε, where V is a weight of K viewed as a representation of
K∗ via the canonical splitting of the extension over K.
Let Xq(T ) denote the set of q-restricted weights of T , i.e.,
Xq(T ) := {χ ∈ X
∗(T ) : 0 ≤ 〈χ, α∨〉 < q for all α ∈ Π},
and also define
X0(T ) := {χ ∈ X∗(T ) : 〈χ, α∨〉 = 0 for all α ∈ Π}.
Given a character ν ∈ X∗(T ) which satisfies 〈ν, α∨〉 ≥ 0 for all α ∈ Π, we let F (ν) denote the associated
algebraic representation of G(k) of highest weight ν. By Proposition 2.2 of [15], every weight of K˜ is equal to
F˜ (ν) := F (ν)⊠ε for some ν ∈ Xq(T ), where we view F (ν) as a representation of K via K −։ G(k) −֒→ G(k).
Moreover, F˜ (ν) ∼= F˜ (ν′) if and only if ν − ν′ ∈ (q − 1)X0(T ). If M is a standard Levi subgroup of G, then
we will refer to genuine irreducible representations of M˜ ∩ K˜ as weights of M˜ ∩ K˜, or just weights of M˜ . We
denote the analogs of Xq(T ), X
0(T ), and F˜ (ν) by XMq (T ), X
0
M (T ), and F˜M˜ (ν), respectively.
Finally, for ν ∈ Xq(T ), we set
Πν := {α ∈ Π : 〈ν, α
∨〉 = 0},
and given a standard Levi subgroup M˜ , we say V˜ = F˜ (ν) is M˜ -regular if Πν ⊂ ΠM .
Fix now two standard parabolic subgroups P ⊂ Q of G, and let M ⊂ L denote their Levi subgroups. Let
N1 denote the intersection of L with the unipotent radical of P , so that M˜ ⋉N∗1 is a parabolic subgroup of
L˜. We then have the following lemma.
Lemma 2.1. Let V˜ be a weight of L˜ and let M˜ ⋉N∗1 be a standard parabolic of L˜. Then:
(1) V˜ (N1∩K)
∗
and V˜(N−1 ∩K)∗
are weights of M˜ ;
(2) the natural, M˜ ∩ K˜-linear map V˜ (N1∩K)
∗
−→ V˜(N−1 ∩K)∗
is an isomorphism;
(3) V˜ (U∩L∩K)
∗ ∼= V˜(U−∩L∩K)∗ is one-dimensional;
(4) if V˜ = F˜
L˜
(ν) for some ν ∈ XLq (T ), then V˜
(N1∩K)
∗ ∼= F˜M˜ (ν).
Proof. This follows from [15], Lemma 2.3 by identifying the underlying vector spaces of V˜ and V . 
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Now let H˜ ⊂ L˜ denote two closed subgroups of G˜ which both contain the image of µ2 in G˜. We let
IndL˜
H˜
(−) and indL˜
H˜
(−) denote the functors of induction and compact induction, respectively, from the cat-
egory of smooth H˜-representations to the category of smooth L˜-representations. These functors preserve
genuineness. If H˜ is an open subgroup of L˜, then the functor indL˜
H˜
(−) is exact, and Frobenius reciprocity
gives an isomorphism Hom
L˜
(indL˜
H˜
(σ), π) ∼= HomH˜(σ, π
∣∣
H˜
), natural in both arguments.
Assume now that L˜ is a standard Levi subgroup of G˜ and H˜ is a standard parabolic subgroup of L˜ with
Levi subgroup M˜ . We view smooth representations of M˜ as smooth representations of H˜− via inflation.
The functor IndL˜
H˜−
(−) from smooth M˜ -representations to smooth L˜-representations is then an exact functor
which preserves admissibility (cf. [32], Propositions 4.3 and 4.8). We also have the functor of ordinary
parts OrdL˜
H˜
(−), from the category of smooth L˜-representations to the category of smooth M˜ -representations
(cf. loc. cit.). This functor preserves admissibility and genuineness, and is a right adjoint to IndL˜
H˜−
(−)
(loc. cit., Corollary 8.3). Moreover, Corollary 8.4 of loc. cit. shows that we have a functorial isomorphism
σ ∼= OrdL˜
H˜
◦ IndL˜
H˜−
(σ) for any admissible genuine M˜ -representation σ.
We adopt similar notations for subgroups of G.
2.5. Subgroup decompositions in G˜. We will need to make use of several subgroup decompositions in G˜.
In general, these are deduced from similar decompositions in the group G using the map pr−1. For instance,
given a standard parabolic subgroup P of G, we may lift the Iwasawa decomposition G = P−K via pr−1 to
obtain
G˜ = P˜−K˜ = P˜−K∗.
Likewise the refined Cartan decomposition G =
⊔
λ∈X∗(T )−
Kλ(̟)K lifts to
G˜ =
⊔
λ∈X∗(T )−
K˜λ˜(̟)K˜,
and one may further refine this decomposition to
G˜ =
⊔
λ∈X∗(T )−
ζ∈µ2
K∗λ˜(̟) · ζK∗
(note that the disjointness of the last union is implied by Theorem 9.2 of [21], whose proof remains valid in
our situation).
2.6. Recollections on the Satake map. We recall some basic properties of Satake maps. Since the groups
G˜, P˜−, K˜, and the relevant Levi subgroups satisfy axioms (A1), (A2), 2.5(i), 2.5(ii), (C1), (C2), and the
assumptions of §2.8 of [13], we may apply the general formalism of §2 of loc. cit. and §2 of [12].
Fix two standard parabolic subgroups P ⊂ Q of G, and let M ⊂ L denote their respective Levi factors.
We again let N1 denote the intersection of L with the unipotent radical of P , so that M˜ ⋉N∗1 is a parabolic
subgroup of L˜. We also fix a weight V˜ of L˜ ∩ K˜, and define
H
L˜
(V˜ ) := End
L˜
(
indL˜
L˜∩K˜
(V˜ )
)
.
As in §2 of [12], we identify elements of H
L˜
(V˜ ) with functions ϕ : L˜ −→ EndFp(V˜ ) which satisfy
• ϕ(k1ℓk2) = k1 ◦ϕ(ℓ) ◦ k2, where ki ∈ L˜∩ K˜, ℓ ∈ L˜, and where the ki appearing on the right-hand side
denote the corresponding automorphism of V˜ ;
• the support of ϕ is compact.
The product structure on (this realization of) H
L˜
(V˜ ) is given by convolution. By the refined Cartan decom-
position, a function ϕ ∈ H
L˜
(V˜ ) is determined by its values on the elements λ˜(̟), where λ ∈ X∗(T )L,− :=
{λ ∈ X∗(T ) : 〈α, λ〉 ≤ 0 for all α ∈ ΠL}.
By §2 of loc. cit., we have a Satake morphism
SM˜
L˜
: H
L˜
(V˜ ) −→ H
M˜
(V˜(N−1 ∩K)∗
),
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which, by Proposition 2.2 of loc. cit., is given by
(6) SM˜
L˜
(ϕ)(m)(v) =
∑
n∈(N−1 ∩K)
∗\N−,∗1
ϕ(nm)(v),
where ϕ ∈ H
L˜
(V˜ ),m ∈ M˜, v ∈ V˜ , and the bar indicates the projection V˜ −։ V˜(N−1 ∩K)∗
. The map SM˜
L˜
preserves the convolution product, and is therefore an algebra homomorphism.
The necessary properties of the algebras H
L˜
(V˜ ) and the map SM˜
L˜
are summarized in the following propo-
sition.
Proposition 2.2.
(1) Fix λ ∈ X∗(T )L,−. Then the space of functions in HL˜(V˜ ) supported on (L˜ ∩ K˜)λ˜(̟)(L˜ ∩ K˜) is
one-dimensional. A generator for this space is given by T L˜λ , where T
L˜
λ (λ˜(̟)) is the map
V˜ −։ V˜(N−
−λ
∩K)∗
∼
←− V˜ (N−λ∩K)
∗
−֒→ V˜ .
This map is a projection.
(2) If L˜1 ⊂ L˜2 ⊂ L˜3 are standard Levi subgroups corresponding to standard parabolic subgroups P˜1 ⊂
P˜2 ⊂ P˜3, we then have
SL˜1
L˜3
= SL˜1
L˜2
◦ SL˜2
L˜3
.
(3) Fix an element λ0 ∈ X∗(T ) which satisfies 〈α, λ0〉 < 0 for α ∈ ΠLrΠM and 〈α, λ0〉 = 0 for α ∈ ΠM .
Then the map SM˜
L˜
: H
L˜
(V˜ ) −→ H
M˜
(V˜(N−1 ∩K)∗
) is a localization at T M˜λ0 ; that is, S
M˜
L˜
is injective,
T M˜λ0 ∈ im(S
M˜
L˜
) is central and invertible, and
H
M˜
(V˜(N−1 ∩K)∗
) =
⋃
n∈Z≥0
SM˜
L˜
(
H
L˜
(V˜ )
)
· (T M˜λ0 )
−n.
(4) The algebra H
L˜
(V˜ ) is commutative.
(5) Assume M˜ = T˜ . Then the image of the map ST˜
L˜
is supported in the union of cosets of the form
(T˜ ∩ K˜)λ˜(̟)(T˜ ∩ K˜) for λ ∈ X∗(T )L,−. More precisely, for λ ∈ X∗(T )L,−, we have
ST˜
L˜
(T L˜λ ) =
∑
µ∈X∗(T )L,−
µ≥Lλ
cλ(µ)τµ,
where cλ(µ) ∈ Fp, cλ(λ) = 1, and ≤L is the partial order on X∗(T ) defined by ΠL.
(6) Assume L˜ = G˜, λ ∈ X∗(T )−, and V˜ = F˜ (ν) is a weight of K˜ which is M˜ -regular. Suppose that either
Πν = ΠM , or that V˜ is M˜λ-regular. We then have
SM˜
G˜
(T G˜λ ) = T
M˜
λ .
Proof. (1) See [13], §7.3, Lemma 1.
(2) See [13], §2.8, Proposition and [12], Proposition 2.3.
(3) See [12], Proposition 4.5.
(4) This follows from part (3), noting that H
T˜
(V˜(U−∩L∩K)∗) is commutative.
(5) See [13], §7.3, Lemmas 2 and 3, applied to the case of coinvariants (see also [12], Proposition 2.3).
(6) See [15], Corollary 2.18. 
Notation. We will denote T G˜λ and T
T˜
λ by Tλ and τλ, respectively.
Remark 2.3. We also have a “mixed” version of the above construction. Let V˜ ′ be another weight of L˜∩ K˜,
and consider the module of intertwiners
H
L˜
(V˜ , V˜ ′) := Hom
L˜
(
indL˜
L˜∩K˜
(V˜ ), indL˜
L˜∩K˜
(V˜ ′)
)
.
As withH
L˜
(V˜ ), we may view elements ofH
L˜
(V˜ , V˜ ′) as compactly supported, L˜∩K˜-biequivariant, HomFp(V˜ , V˜
′)-
valued functions on L˜. Similarly to part (1) of the proposition above, the double coset (L˜ ∩ K˜)λ˜(̟)(L˜ ∩ K˜)
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for λ ∈ X∗(T )L,− supports a nonzero function ϕ ∈ HL˜(V˜ , V˜
′) if and only if V˜(N−
−λ
∩K)∗
∼= V˜ ′
(N−
−λ
∩K)∗
, in which
case ϕ(λ˜(̟)) is a scalar multiple of the homomorphism
V˜ −։ V˜(N−
−λ
∩K)∗
∼= V˜ ′(N−
−λ
∩K)∗
∼
←− V˜ ′(N−λ∩K)
∗
−֒→ V˜ ′.
We also have an injective Satake map
SM˜
L˜
: H
L˜
(V˜ , V˜ ′) −→ H
M˜
(V˜(N−1 ∩K)∗
, V˜ ′
(N−1 ∩K)
∗),
given by the formula (6). If we take V˜ ′′ to be a third weight, we have an obvious product structure
H
L˜
(V˜ ′, V˜ ′′)×H
L˜
(V˜ , V˜ ′) −→ H
L˜
(V˜ , V˜ ′′),
(ϕ′, ϕ) 7−→ ϕ′ ∗ ϕ,
which is preserved by the Satake map SM˜
L˜
.
In addition to the above, we have the following results relating parabolic and compact induction.
Proposition 2.4. Let V˜ be a weight of K˜ and P˜ = M˜ ⋉ N∗ a standard parabolic subgroup of G˜. Assume
that V˜ is M˜ -regular. We then have an isomorphism
H
M˜
(V˜(N−∩K)∗)⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ )
∼
−→ IndG˜
P˜−
(
indM˜
M˜∩K˜
(V˜(N−∩K)∗)
)
,
which is both G˜- and H
M˜
(V˜(N−∩K)∗)-equivariant. Here we view HM˜ (V˜(N−∩K)∗) as an HG˜(V˜ )-module via
SM˜
G˜
.
Proof. This follows in exactly the same way as Theorem 4.6 (utilizing Corollary 6.5 and Proposition 5.4) of
[12]. 
Using this proposition, we obtain the following.
Proposition 2.5. Let V˜ be a weight of K˜. Then H
T˜
(V˜(U−∩K)∗)⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) is free as an H
T˜
(V˜(U−∩K)∗)-
module. Moreover, if χ : H
T˜
(V˜(U−∩K)∗) −→ Fp is a character, then the representation χ◦ST˜G˜⊗HG˜(V˜ )
indG˜
K˜
(V˜ )
has finite length as a G˜-module, and its composition factors depend only on χ and the (T˜ ∩ K˜)-representation
V˜(U−∩K)∗.
Proof. The proof is almost identical to the proof contained in §4.2 of [2]. The only essential difference is
in the proof of Lemma 4.13 of loc. cit.: let P˜1 = M˜1 ⋉ N∗1 ⊂ P˜2 = M˜2 ⋉ N
∗
2 be two standard parabolic
subgroups, and assume ΠM2 = ΠM1 ⊔ {αi} for a simple root αi. In analogy with Abe’s definition, we take
the maps ΦP2,P1 and ΦP1,P2 to be normalized versions of the maps ϕ
− and ϕ+ from the proof of Theorem 3.1
below. Our normalization differs from that of loc. cit. only when i = n: in that case, we let ΦP1,P2 = ϕ
+ and
ΦP2,P1 = τ−2λ · ϕ
−. Our calculation of ST˜
G˜
(ϕ− ∗ ϕ+) in Proposition 3.3 then shows that both ΦP2,P1 ◦ΦP1,P2
and ΦP1,P2 ◦ ΦP2,P1 are identity maps when i = n. 
2.7. Special features of the metaplectic setting. Fix, once and for all, a smooth additive character
ψ : F −→ C×, and let χψ : M˜S −→ F
×
p denote the genuine character defined by
χψ(m, ζ) = ζγ( detMS(m), ψ)
−1,
where γ(a, ψ) = γ(ψa)/γ(ψ), γ(ψ) is the Weil index, and ψa(x) = ψ(ax). Here we are using the coordinates
afforded by Rao’s cocycle. We consider χψ as being valued in µ4(Fp) via a fixed isomorphism µ4(Fp) ∼= µ4(C).
Using the character χψ, we obtain a bijection between isomorphism classes of mod-p representations of
MS ∼= GLn(F ) and isomorphism classes of genuine mod-p representations of M˜S, given by τ 7−→ τ ⊗ χψ,
where we view τ as a (nongenuine) representation of M˜S by inflation from MS. It follows from (5) and the
construction of the elements α˜∨j (x) that we have χψ(α˜
∨
j (x)) = 1 for 1 ≤ j ≤ n− 1.
We now prove a simple lemma which will be of use in determining the support of functions in the image of
the Satake map. Fix λ ∈ X∗(T )−, µ ∈ X∗(T ), and ζ ∈ µ2, and define the following sets:
Sµ,λ := {u ∈ (U
− ∩K)\U− : (U− ∩K)uµ(̟) ⊂ Kλ(̟)K}
S˜µ,λ,ζ := {u ∈ (U
− ∩K)∗\U−,∗ : (U− ∩K)∗uµ˜(̟) ⊂ K∗λ˜(̟) · ζK∗}
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Lemma 2.6. Let λ ∈ X∗(T )−, µ ∈ X∗(T ), and ζ ∈ µ2.
(1) We have |Sµ,λ| = |S˜µ,λ,1|+ |S˜µ,λ,−1|.
(2) Write λ =
∑n
i=1 aiλi, µ =
∑n
i=1 biλi, and suppose
∑n
i=1(ai + bi) is odd. Then we have
|S˜µ,λ,1| = |S˜µ,λ,−1| = |Sµ,λ|/2.
Proof. Part (1) follows easily using the fact that K˜λ˜(̟)K˜ = K∗λ˜(̟)K∗ ⊔K∗λ˜(̟) · (−1)K∗, together with
the splitting over U . For part (2), let y ∈ O× and note that the element λn+1(y) ∈ GSp2n(F ) normalizes
U and K. By uniqueness of the splittings over U and K, this implies that λ˜n+1(y) normalizes U
∗ and K∗,
where λ˜n+1(y) denotes an arbitrary lift of λn+1(y) to G˜Sp2n(F ). Suppose S˜µ,λ,ζ 6= ∅, and choose u ∈ S˜µ,λ,ζ .
Conjugating u by λ˜n+1(y) and applying equation (3) gives
(U− ∩K)∗(λ˜n+1(y)uλ˜n+1(y)
−1)µ˜(̟) = λ˜n+1(y)
(
(U− ∩K)∗uµ˜(̟)
)
λ˜n+1(y)
−1 · (̟, y)
∑n
i=1 bi
F
⊂ λ˜n+1(y)
(
K∗λ˜(̟) · ζK∗
)
λ˜n+1(y)
−1 · (̟, y)
∑n
i=1 bi
F
= K∗(λ˜n+1(y)λ˜(̟)λ˜n+1(y)
−1) · ζ(̟, y)
∑n
i=1 bi
F K
∗
= K∗λ˜(̟) · ζ(̟, y)
∑n
i=1(ai+bi)
F K
∗
= K∗λ˜(̟) · ζ(̟, y)FK
∗.
This shows λ˜n+1(y)uλ˜n+1(y)
−1 ∈ S˜µ,λ,ζ(̟,y)F . In particular, when y is an element of O
× whose image in k×
is not a square, conjugation by λ˜n+1(y) gives an injective map from S˜λ,µ,ζ to S˜λ,µ,−ζ . Combining with part
(1) gives the claim. 
Corollary 2.7. Let V˜ be a weight of K˜, fix λ ∈ X∗(T )−, and write
ST˜
G˜
(Tλ) =
∑
µ∈X∗(T )−
µ≥λ
cλ(µ)τµ.
Then we have cλ(µ) = 0 for all µ such that, in the expression of µ+ λ as a linear combination of the λi, the
coefficients sum to an odd number.
Proof. Fix y ∈ O× whose image in k× is not a square, and let δ ∈ G˜Sp2n(F ) denote some fixed lift of λn+1(y).
It is known (cf. [15], Proposition 2.2) that for every weight V of K, there exists a weight of GSp2n(O) whose
restriction to K is V . Therefore, we may endow V˜ with an action of the element δ. In particular, since δ
normalizes (N−λ ∩K)∗, the explicit description of the operator Tλ shows that δTλ(λ˜(̟))δ−1 = Tλ(λ˜(̟)).
For µ and λ as in the statement of the corollary (with the coefficients of µ+λ summing to an odd number)
and u ∈ S˜µ,λ,1, there exist k∗u, k
′∗
u ∈ K
∗ such that uµ˜(̟) = k∗uλ˜(̟)k
′∗
u . Then, since δ is a lift of λn+1(y), we
proceed as in the proof of Lemma 2.6(2) to obtain
(δuδ−1)µ˜(̟) = (̟, y)F · (δk
∗
uδ
−1)λ˜(̟)(δk′∗u δ
−1)
= (−1) · (δk∗uδ
−1)λ˜(̟)(δk′∗u δ
−1).
Fix a nonzero v ∈ V˜ (U∩K)
∗ ∼
−→ V˜(U−∩K)∗ , and let c denote the eigenvalue of δ on v. We then have
Tλ(uµ˜(̟))(v) = k∗u ◦ Tλ(λ˜(̟)) ◦ k
′∗
u .v
= c−1δ ·
(
k∗u ◦ Tλ(λ˜(̟)) ◦ k
′∗
u δ
−1 · (cv)
)
= (δk∗uδ
−1) ◦ (δTλ(λ˜(̟))δ−1) ◦ (δk′∗u δ
−1) · v
= (δk∗uδ
−1) ◦ Tλ(λ˜(̟)) ◦ (δk′∗u δ
−1) · v
= Tλ((δk∗uδ
−1)λ˜(̟)(δk′∗u δ
−1))(v)
= −Tλ((δuδ−1)µ˜(̟))(v).
Hence, using Lemma 2.6, we obtain
cλ(µ)v = S
T˜
G˜
(Tλ)(µ˜(̟))(v)
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=
∑
u∈S˜µ,λ,1
Tλ(uµ˜(̟))(v) +
∑
u∈S˜µ,λ,−1
Tλ(uµ˜(̟))(v)
=
∑
u∈S˜µ,λ,1
Tλ(uµ˜(̟))(v) +
∑
u∈S˜µ,λ,1
Tλ((δuδ−1)µ˜(̟))(v)
= 0.

In the following proposition, we let unaccented symbols correspond to the appropriate analogous objects
for the reductive group G (so STL denotes the Satake map with respect to a weight V , etc.).
Proposition 2.8. Let L be a standard Levi subgroup of G such that L ⊂ MS, and let 1 denote the trivial
weight of L. Fix λ ∈ X∗(T )L,−, and write
STL (T
L
λ ) =
∑
µ∈X∗(T )L,−
µ≥Lλ
cλ(µ)T
T
µ .
Let ST˜
L˜
denote the Satake map for the weight 1⊠ ε. We then have
ST˜
L˜
(T L˜λ ) =
∑
µ∈X∗(T )L,−
µ≥Lλ
c˜λ(µ)τµ,
where c˜λ(µ) = cλ(µ).
Proof. Let N1 = U ∩L, so that T ⋉N1 is a parabolic subgroup of L. For λ, µ ∈ X∗(T )L,− and ζ ∈ µ2, we set
S′µ,λ := {n ∈ (N
−
1 ∩K)\N
−
1 : (N
−
1 ∩K)nµ(̟) ⊂ (L ∩K)λ(̟)(L ∩K)},
S˜′µ,λ,ζ := {n ∈ (N
−
1 ∩K)
∗\N−,∗1 : (N
−
1 ∩K)
∗nµ˜(̟) ⊂ (L ∩K)∗λ˜(̟) · ζ(L ∩K)∗}.
By definition, the set S˜′µ,λ,1 ⊔ S˜
′
µ,λ,−1 is exactly the image of S
′
µ,λ under the splitting over N
−
1 , and therefore
the splitting gives a bijection S′µ,λ
∼
−→ S˜′µ,λ,1 ⊔ S˜
′
µ,λ,−1. Since we are considering the trivial weight of K and
the weight 1⊠ ε of K˜, the definition of the Satake map shows that
cλ(µ) = |S
′
µ,λ|, c˜λ(µ) = |S˜
′
µ,λ,1| − |S˜
′
µ,λ,−1|
(note that 1 ⊠ ε takes the value ε(ζ) on (1, ζ)K∗, and the coefficient c˜λ(µ) must account for both ζ = 1 and
ζ = −1).
Let us fix λ, µ ∈ X∗(T )L,−. First, we claim that there exists ζ ∈ µ2 such that |S′µ,λ| = |S˜
′
µ,λ,ζ |. To see this,
suppose that n ∈ Sµ,λ, so that
nµ(̟) = knλ(̟)k
′
n
for some kn, k
′
n ∈ L ∩ K. Comparing determinants of both sides shows that detMS(knk
′
n) = 1. Since
MderS
∼= SLn(F ), we see that by adjusting kn and k′n if necessary, we may assume without loss of generality
that kn, k
′
n ∈ L ∩K ∩M
der
S .
Consider now the subgroup MderS . Examining the pullback to M
der
S of the Steinberg cocycle of G˜ (cf. [24],
Chapter III; in particular Theorem 8.1), we see that the cover G˜ −→ G splits (uniquely) over MderS . In the
coordinates of Rao’s cocycle, this splitting is given by
m 7−→ m∗ = (m, 1),
where m ∈ MderS . This has the following consequence. The splitting over N
−
1 gives a bijection between S
′
µ,λ
and S˜′µ,λ,1 ⊔ S˜
′
µ,λ,−1, and we would like to determine in which signed set n
∗ lies, where n is as above. Let us
write
µ˜(̟) = (µ(̟), ζµ), λ˜(̟) = (λ(̟), ζλ),
with ζµ, ζλ ∈ µ2. Using equation (5), we obtain
n∗µ˜(̟) = (n, 1) · (µ(̟), ζµ)
= (nµ(̟), ζµ),
k∗nλ˜(̟) · ζk
′∗
n = (kn, 1) · (λ(̟), ζλ) · (1, ζ) · (k
′
n, 1)
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= (knλ(̟)k
′
n, ζζλ).
Therefore, n∗ lies in S˜µ,λ,ζ , where ζ = ζµζ
−1
λ . Since ζ does not depend on n, the claim follows.
Now, if 1 ≤ i ≤ n − 1, we have α∨i (̟) ∈ M
der
S , and therefore equation (5) and the definition of α˜
∨
i (̟)
imply α˜∨i (̟) = (α
∨
i (̟), 1). Thus(
(λ+ α∨i )(̟), ζλ+α∨i
)
= ˜(λ+ α∨i )(̟)
= λ˜(̟) · α˜∨i (̟)
= (λ(̟), ζλ) · (α
∨
i (̟), 1)
= ((λ+ α∨i )(̟), ζλ) .
Since µ ≥L λ, we obtain ζµ = ζλ, and therefore ζ = 1. 
3. Change of weight
We now discuss the change-of-weight theorem, which will be the main technical input to our classification
results in §4.
3.1. Statement and proof. Fix 1 ≤ i ≤ n and let ν ∈ Xq(T ) be a q-restricted weight such that 〈ν, α∨i 〉 = 0.
Let ωαi be the fundamental weight associated to αi, and set ν
′ := ν + (q − 1)ωαi . Note that ν
′ is also a
q-restricted weight. Let V˜ = F˜ (ν) (resp., V˜ ′ = F˜ (ν′)) denote the associated weight of K˜. Then V˜(U−∩K)∗ ∼=
V˜ ′(U−∩K)∗ as genuine representations of (T˜ ∩K˜), and via the Satake transform we identify the algebras HG˜(V˜ )
and H
G˜
(V˜ ′).
Given a simple root α ∈ Π, let λα ∈ X∗(T ) denote a cocharacter such that 〈α, λα〉 < 0 and 〈Πr{α}, λα〉 = 0.
Let χ : H
G˜
(V˜ ) −→ Fp be a character, and set
(7) Π(χ) :=
{
α ∈ Π : (χ ◦ (ST˜
G˜
)−1)(τλα) = 0
}
(note that this definition is independent of the choice of λα). The character χ then factors as χ = χ
′ ◦S
M˜Π(χ)
G˜
,
where χ′ : H
M˜Π(χ)
(V˜(N−
Π(χ)
∩K)∗) −→ Fp is some character; this follows from the fact that S
M˜Π(χ)
G˜
is a localization
at T
M˜Π(χ)
λ′ , where λ
′ =
∑
α6∈Π(χ) λα. The main theorem of this chapter is the following.
Theorem 3.1. Fix a simple root αi ∈ Π, let χ : HG˜(V˜ ) −→ Fp be a character, and let Π(χ) be as above.
Assume that αi /∈ Π(χ). If i 6= n, further assume that either 〈Π(χ), α∨i 〉 6= 0, or that 〈Π(χ), α
∨
i 〉 = 0 and
(χ′ ◦ (ST˜
M˜Π(χ)
)−1)(τα∨i ) 6= 1 (note that this is well-defined as α
∨
i ∈ X∗(T )MΠ(χ),−). We then have
χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) ∼= χ⊗H
G˜
(V˜ ′) ind
G˜
K˜
(V˜ ′).
Proof. Let λ := −
∑i
j=1 λj ; then
〈αj ,−λ〉 = 0 if j 6= i, and 〈αi,−λ〉 =
{
1 if 1 ≤ i ≤ n− 1,
2 if i = n.
Note that λ is a possible choice of λαi in the statement of the theorem. Furthermore, −λ is a minuscule
fundamental coweight associated to αi if 1 ≤ i ≤ n− 1, and for all 1 ≤ i ≤ n the inner product 〈αi,−λ〉 is as
small as possible under the constraints on λαi .
Lemma 2.1 and the definition of the group Nλ imply that V˜(Nλ∩K)∗
∼= V˜ ′(Nλ∩K)∗ . Therefore, by Remark
2.3 following Proposition 2.2, there exist nonzero elements ϕ+ ∈ H
G˜
(V˜ , V˜ ′) and ϕ− ∈ H
G˜
(V˜ ′, V˜ ) which are
supported in K˜λ˜(̟)K˜.
Sublemma 3.2. The function ϕ− ∗ ϕ+ ∈ H
G˜
(V˜ ) is nonzero and has support K˜λ˜(̟)2K˜; that is, ϕ− ∗ ϕ+ =
cT2λ for some nonzero constant c.
Proof of Sublemma 3.2. See the proof of Lemma 4.3 in [2], noting that conjugation by elements of T˜ preserves
U∗ by uniqueness of the splitting over U . 
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After possible rescaling, we may assume ϕ− ∗ϕ+ = T2λ. The maps ϕ−, ϕ+ induce maps ϕ−,ϕ+ as follows:
χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ )
ϕ
+
//
χ⊗H
G˜
(V˜ ′) ind
G˜
K˜
(V˜ ′)
ϕ
−
oo
and the composition of ϕ− with ϕ+, in either order, is the scalar χ(ϕ− ∗ϕ+) (note that ϕ− ◦ϕ+ = ϕ+ ◦ϕ−
under the identification H
G˜
(V˜ ) ∼= HG˜(V˜
′); see [14], Proposition 31(3)). Proposition 3.3 below gives
ST˜
G˜
(ϕ− ∗ ϕ+) =
{
τ2λ − τ2λ+α∨
i
if 1 ≤ i ≤ n− 1,
τ2λ if i = n,
so that
χ(ϕ− ∗ ϕ+) =
{
(χ ◦ (ST˜
G˜
)−1)(τ2λ − τ2λ+α∨i ) if 1 ≤ i ≤ n− 1,
(χ ◦ (ST˜
G˜
)−1)(τ2λ) if i = n.
Our assumptions now guarantee that χ(ϕ− ∗ ϕ+) 6= 0, and therefore we obtain our desired isomorphism
χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ )
∼
−→ χ⊗H
G˜
(V˜ ′) ind
G˜
K˜
(V˜ ′).

We now carry out the calculation of ST˜
G˜
(T2λ) which was used in the proof of Theorem 3.1.
Proposition 3.3. Let αi, V˜ , V˜
′, λ be as in the proof of Theorem 3.1, and let ST˜
G˜
denote the Satake transform
H
G˜
(V˜ ) −→ H
T˜
(V˜(U−∩K)∗). Then
ST˜
G˜
(T2λ) =
{
τ2λ − τ2λ+α∨
i
if 1 ≤ i ≤ n− 1,
τ2λ if i = n.
Proof. Let Πν be as defined in §2.4, so that αi ∈ Πν , and let Pν = Mν ⋉Nν be the parabolic subgroup of G
corresponding to Πν . By the transitivity of Satake morphisms (Proposition 2.2(2)), we have
(8) ST˜
G˜
(T2λ) = S
T˜
M˜S∩M˜ν
◦ SM˜S∩M˜ν
M˜ν
◦ SM˜ν
G˜
(T2λ).
We will compute each of these maps in sequence. Note first that, by definition of Mν , the weight V˜ = F˜ (ν)
is M˜ν-regular, and Proposition 2.2(6) implies that S
M˜ν
G˜
(T2λ) = T
M˜ν
2λ ∈ HM˜ν (V˜(N−ν ∩K)∗).
Since 〈ν, α∨〉 = 0 for all α ∈ Πν , the representation VN−ν ∩K
∼= FMν (ν) of Mν ∩K is one-dimensional; for
brevity, we denote this one-dimensional representation by ν. By Corollary 3.4 of [2], there exists a unique
character νMν of Mν such that νMν |(Mν∩K) = ν and νMν (µ(̟)) = 1 for all µ ∈ X∗(T ). We let ν
∗
Mν
denote
the nongenuine character of M˜ν given by νMν ◦ pr. The following sublemma will allow us to assume that
V˜(N−ν ∩K)∗
∼= 1 ⊠ ε as a representation of M˜ν ∩ K˜ in the calculation of S
M˜ν∩M˜S
M˜ν
(T M˜ν2λ ), where 1 denotes the
trivial representation of Mν ∩K.
Sublemma 3.4. Maintain the notation of the previous paragraph, and let M ⊂ Mν be a standard Levi
subgroup. Then:
(1) the map sν : HM˜ν (ν ⊠ ε) −→ HM˜ν (1⊠ ε) given by ϕ 7→ (ν
∗
Mν
)−1 · ϕ is an algebra isomorphism;
(2) the map ϕ 7→ (ν∗Mν )
−1|
M˜
· ϕ defines an algebra isomorphism H
M˜
(ν ⊠ ε) −→ H
M˜
(1⊠ ε), also denoted
by sν , and the following diagram is commutative:
H
M˜ν
(ν ⊠ ε)
sν //
SM˜
M˜ν

H
M˜ν
(1⊠ ε)
SM˜
M˜ν

H
M˜
(ν ⊠ ε)
sν // H
M˜
(1⊠ ε)
where the downward arrows are the partial Satake transforms H
M˜ν
(ν ⊠ ε) −→ H
M˜
(ν ⊠ ε) and
H
M˜ν
(1⊠ ε) −→ H
M˜
(1⊠ ε), respectively.
Proof of Sublemma 3.4. See [2] Lemma 3.5 and [15] Lemma 4.6. 
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In the remainder of the proof, we assume V˜(Nλ∩K)∗
∼= 1⊠ ε. Suppose that αn 6∈ Πν . Then the Satake map
SM˜ν∩M˜S
M˜ν
is trivial, so it only remains to calculate ST˜
M˜ν∩M˜S
(T M˜ν∩M˜S2λ ). The assumption that αn /∈ Πν implies
that i 6= n, and therefore Proposition 6.7 of [15] and Proposition 2.8 imply
ST˜
M˜ν∩M˜S
(T M˜ν∩M˜S2λ ) = S
T˜
G˜
(T2λ) = τ2λ − τ2λ+α∨i .
From now on we suppose that αn ∈ Πν . Define the unipotent subgroup N1 ⊂ Mν by N1 := Mν ∩NS, so
that (M˜ν ∩ M˜S)⋉N∗1 is a standard parabolic subgroup of M˜ν . By definition of the partial Satake transform
applied to the Hecke algebra of the one-dimensional weight 1⊠ ε, we have
(9) SM˜ν∩M˜S
M˜ν
(T M˜ν2λ )(µ˜(̟)) =
∑
n∈(N−1 ∩K)
∗\N−,∗1
T M˜ν2λ (nµ˜(̟))
for each µ ∈ X∗(T )Mν∩MS,− (we omit the vector v here since 1 ⊠ ε is one-dimensional). For such µ and for
ζ ∈ µ2, we set
S˜′′µ,2λ,ζ := {n ∈ (N
−
1 ∩K)
∗\N−,∗1 : (N
−
1 ∩K)
∗nµ˜(̟) ⊂ (Mν ∩K)
∗λ˜(̟)2 · ζ(Mν ∩K)
∗}.
Then the right-hand side of (9) is equal to |S˜′′µ,2λ,1| − |S˜
′′
µ,2λ,−1|.
Let J denote the pro-p subgroup of K ∩Mν ∩MS which is generated by {uα(x) : α ∈ Πν ∩ ΠS, x ∈ O}
and {η(y) : η ∈ X∗(T ), y ∈ 1 +̟O}, and let J∗ denote the image of J in K∗ under the splitting over K. In
what follows, we let Φν and ΦS denote the root systems generated by Πν and by ΠS, respectively, and define
the subset of positive roots in each system accordingly. Write (Φν ∩ΦS)+ = Φ+ν ∩ Φ
+
S .
Sublemma 3.5. Suppose that αn ∈ Πν , and let µ ∈ X∗(T )Mν∩MS,− and ζ ∈ µ2. Then J
∗ acts by conjugation
on S˜′′µ,2λ,ζ .
Proof of Sublemma 3.5. We first claim that J∗ normalizes (N−1 ∩K)
∗. Since both subgroups belong to K∗
and J is a subgroup of K ∩Mν ∩MS, it is enough to show that K ∩Mν ∩MS normalizes (N
−
1 ∩K). Since
MS normalizes N
−
S , we have that MS ∩Mν ∩K indeed normalizes N
−
S ∩Mν ∩K = N
−
1 ∩K.
Next let j˜ ∈ J∗. We claim that µ˜(̟)−1j˜µ˜(̟) ∈ J∗. Since T˜ is abelian, it suffices to consider the case
when j˜ = u˜α(x) for α ∈ Πν ∩ΠS, x ∈ O. Since each Uα is a unipotent subgroup of G and consequently admits
a unique splitting, we have
µ˜(̟)−1u˜α(x)µ˜(̟) = u˜α(̟
−〈α,µ〉x) ∈ J∗.
Now let n ∈ S˜′′µ,2λ,ζ , so that (N
−
1 ∩K)
∗nµ˜(̟) ⊂ (Mν ∩K)∗λ˜(̟)2 · ζ(Mν ∩K)∗, and take j˜ ∈ J∗. Then,
applying the above two comments we obtain
(N−1 ∩K)
∗j˜nj˜−1µ˜(̟) = j˜(N−1 ∩K)
∗nµ˜(̟)µ˜(̟)−1j˜−1µ˜(̟)
⊂ J∗
(
(N−1 ∩K)
∗nµ˜(̟)
)
J∗
⊂ J∗(Mν ∩K)
∗λ˜(̟)2 · ζ(Mν ∩K)
∗J∗
= (Mν ∩K)
∗λ˜(̟)2 · ζ(Mν ∩K)
∗.
Hence j˜nj˜−1 ∈ S˜′′µ,2λ,ζ as well. 
Since J∗ is a pro-p group, the orbits of its action on S˜′′µ,2λ,ζ each have size equal to a power of p. Therefore
|S˜′′µ,2λ,ζ | 6≡ 0 (mod p) only if the action of J
∗ on S˜′′µ,2λ,ζ has a fixed point. The following facts will be useful
in determining when this occurs.
Sublemma 3.6.
(1) Let γ ∈ Φ+ν r (Φν ∩ΦS)
+. Then there exists β ∈ (Φν ∩ΦS)+ such that β−γ ∈ Φ if and only if γ 6= αn.
If β ∈ (Φν ∩ ΦS)
+ and β − γ ∈ Φ, then
[uβ(1), u−γ(x)] =
ℓ∏
j=1
ujβ−γ(cβ,−γ;j,1 x)
with 1 ≤ ℓ ≤ 2, −(jβ − γ) ∈ Φ+ν r (Φν ∩ ΦS)
+ and cβ,−γ;j,1 ∈ O× for 1 ≤ j ≤ ℓ. If β − γ /∈ Φ, then
[uβ(1), u−γ(x)] = 1 for all x ∈ F .
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(2) Let n ∈ N−1 . Then [uβ(1), n] ∈ (N
−
1 ∩ K) for all β ∈ (Φν ∩ ΦS)
+ if and only if (N−1 ∩ K)n =
(N−1 ∩K)u−αn(x) for some x ∈ F .
Proof of Sublemma 3.6. (1) The first statement follows from an examination of the possible coefficients in the
expression of any root as a linear combination of simple roots. Similar considerations show that if jβ−kγ ∈ Φ
with γ ∈ Φ+ν r (Φν ∩ ΦS)
+, β ∈ (Φν ∩ ΦS)+, and j, k > 0, then k = 1 and 1 ≤ j ≤ 2. If β − γ ∈ Φ, then
−(β−γ) ∈ Φ+ν r(Φν∩ΦS)
+ and the β-string of roots through−γ is either (i) {−γ, β−γ}, (ii) {−γ, β−γ, 2β−γ},
or (iii) {−β − γ,−γ, β − γ}. Lemma 15 and Lemma 2(b) of [31] imply that the structure constants cβ,−γ;1,1
appearing in the commutator formula (1) take the following values: cβ,−γ;1,1 ∈ {±1} in cases (i) and (ii),
and cβ,−γ;1,1 ∈ {±2} in case (iii). We have ℓ = 1 in cases (i) and (iii), while in case (ii) we have ℓ = 2
and cβ,−γ;2,1 ∈ {±1} (this last value follows from Lemma 9.2.2 of [30] together with our assumption that
all structure constants lie in Z). Since char(k) 6= 2, we thus have cβ,−γ;j,1 ∈ O× for all 1 ≤ j ≤ ℓ. When
β − γ /∈ Φ, we have jβ − kγ /∈ Φ for all j, k > 0 and so (1) implies that [uβ(1), u−γ(x)] = 1 for all x ∈ F .
(2) For each β ∈ (Φν ∩ΦS)+, the element uβ(1) normalizes (N
−
1 ∩K) (by the proof of Sublemma 3.5) and
centralizes the root subgroup U−αn (by part (1)), so [uβ(1), n] ∈ (N
−
1 ∩K) if (N
−
1 ∩K)n = (N
−
1 ∩K)u−αn(x)
for some x ∈ F . Conversely, suppose [uβ(1), n] ∈ (N
−
1 ∩K) for some fixed β ∈ (Φν∩ΦS)
+. Since −jγ−kγ′ /∈ Φ
for all j, k > 0 and all γ, γ′ ∈ Φ+ν r (Φν ∩ ΦS)
+, it follows from (1) that N−1 is abelian. We may therefore
assume that n =
∏m
a=1 u−γa(xa), where {γa : 1 ≤ a ≤ m} is a set of distinct elements of Φ
+
ν r (Φν ∩ ΦS)
+
and where each xa ∈ F . Using the fact that uβ(1) normalizes the abelian group N
−
1 , we obtain
[uβ(1), n] =
m∏
a=1
[uβ(1), u−γa(xa)] ∈ (N
−
1 ∩K).
Now set Aa := Φ ∩ {jβ − γa : 1 ≤ j ≤ 2} for 1 ≤ a ≤ m (so that Aa is a proper subset of the β-string
through −γa). Since root strings in type Cn have length at most 3, we see that for each fixed a, either
Aa ∩ Aa′ = ∅ for all a
′ 6= a, or Aa ∩ Aa′ 6= ∅ and Aa ∩ Aa′′ = Aa′ ∩ Aa′′ = ∅ for all a
′′ 6= a, a′. If m = 1, or if
m = 2 and A1∩A2 = ∅, then part (1) easily implies that xa ∈ O whenever Aa 6= ∅. If m = 2 and A1∩A2 6= ∅,
then neither of γ1, γ2 is equal to αn and (after possibly exchanging γ1 and γ2) we have
[uβ(1), n] = uβ−γ1(cβ,−γ1;1,1x1 + cβ,−γ2;2,1x2) · uβ−γ2(cβ,−γ2;1,1x2),
so again part (1) implies that x1, x2 ∈ O. By induction on m, it follows that xa ∈ O whenever Aa 6= ∅. By
part (1), for each γa 6= αn there exists a choice of β ∈ (Φν ∩ ΦS)+ such that Aa 6= ∅. Hence (N
−
1 ∩K)n =
(N−1 ∩K)u−αn(x) for some x ∈ F if for all β ∈ (Φν ∩ ΦS)
+ we have [uβ(1), n] ∈ (N
−
1 ∩K). 
We now derive a condition for the existence of a fixed point under the action of J∗.
Sublemma 3.7. Continue to assume that αn ∈ Πν . Let µ ∈ X∗(T )Mν ,−, let ζ ∈ µ2, and suppose that S˜
′′
µ,2λ,ζ
has a fixed point under the conjugation action of J∗. Then µ = 2λ or µ = 2λ+ α∨n .
Proof of Sublemma 3.7. Suppose first that n ∈ N−1 and (N
−
1 ∩ K)n is fixed under conjugation by J . We
claim that (N−1 ∩K)n = (N
−
1 ∩K)u−αn(x) for some x ∈ ̟
−1O. The proof of Sublemma 3.5 shows that J
normalizes (N−1 ∩K), so the commutator [j, n] belongs to (N
−
1 ∩K) for each j ∈ J . Sublemma 3.6(2) implies
that (N−1 ∩K)n = (N
−
1 ∩K)u−αn(x) for some x ∈ F . Setting j = (−α
∨
n)(1 +̟) ∈ J , we see that
[j, u−αn(x)] = u−αn
(
x((1 +̟)2 − 1)
)
∈ (N−1 ∩K).
The difference ((1 +̟)2 − 1) lies in ̟O r̟2O since char(k) 6= 2, so x ∈ ̟−1O.
Now let µ ∈ X∗(T )Mν ,− and suppose that there exists a fixed point for the action of J
∗ on S˜′′µ,2λ,ζ . Since
the covering splits uniquely over each unipotent subgroup, the above paragraph shows that the invariant coset
in S˜′′µ,2λ,ζ is represented by u˜−αn(x) for some x ∈ ̟
−1O. By definition of S˜′′µ,2λ,ζ , we have
(N−1 ∩K)u−αn(x)µ(̟) ⊂ (Mν ∩K)λ(̟)
2(Mν ∩K)
for some x ∈ ̟−1O. If x ∈ O, the Cartan decomposition implies that µ = 2λ. We may therefore assume
x ∈ ̟−1O rO. In this case, uαn(x
−1) and µ(̟)−1uαn(x
−1)µ(̟) = uαn(̟
−〈αn,µ〉x−1) both lie in Mν ∩K.
This gives
(N−1 ∩K)u−αn(x)µ(̟) = (N
−
1 ∩K)uαn(x
−1)wαnα
∨
n(x)uαn(x
−1)µ(̟)
⊂ (Mν ∩K)α
∨
n(̟)
−1µ(̟)(Mν ∩K),
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where wαn := uαn(1)u−αn(−1)uαn(1) (cf. [30], Lemma 8.1.4). Therefore (Mν ∩K)α
∨
n(̟)
−1µ(̟)(Mν ∩K) =
(Mν∩K)λ(̟)2(Mν∩K), which implies µ−α∨n is in the Weyl group orbit of 2λ, and in particular is contained in
2X∗(T ). Given αi ∈ Πν , we have 〈αi, µ−α∨n〉 ≤ −〈αi, α
∨
n〉, which is less than or equal to 0, except if i = n−1.
In this case, however, we have 〈αn−1, µ− α∨n〉 ≤ 1 and 〈αn−1, µ− α
∨
n〉 ∈ 2Z, which shows 〈αn−1, µ− α
∨
n〉 ≤ 0
and consequently µ− α∨n ∈ X∗(T )Mν ,−. The Cartan decomposition now gives µ− α
∨
n = 2λ. 
Proposition 2.2(5), Proposition 5.1 of [15], and Proposition 2.8 show that in order to compute SM˜ν∩M˜S
M˜ν
(T M˜ν2λ ),
it suffices to know its values on X∗(T )Mν ,−. We have noted that the value of S
M˜ν∩M˜S
M˜ν
(T M˜ν2λ ) at µ˜(̟) is equal
to |S˜′′µ,2λ,1| − |S˜
′′
µ,2λ,−1|, and the above sublemmas show that this difference is nonzero for a cocharacter
µ ∈ X∗(T )Mν ,− only if µ = 2λ or µ = 2λ+ α
∨
n . Hence (9) now implies
SM˜ν∩M˜S
M˜ν
(T M˜ν2λ ) =
{
T M˜ν∩M˜S2λ if 1 ≤ i ≤ n− 1,
T M˜ν∩M˜S2λ + d · T
M˜ν∩M˜S
2λ+α∨n
if i = n,
where d := |S˜′′2λ+α∨n ,2λ,1| − |S˜
′′
2λ+α∨n ,2λ,−1
|. (Note that 2λ + α∨n /∈ X∗(T )Mν ,− when αn ∈ Πν and i 6= n, and
|S˜′′2λ,2λ,1| = 1, |S˜
′′
2λ,2λ,−1| = 0.) Therefore, we obtain
ST˜
G˜
(T2λ) =
S
T˜
M˜ν∩M˜S
(T M˜ν∩M˜S2λ ) if 1 ≤ i ≤ n− 1,
ST˜
M˜ν∩M˜S
(T M˜ν∩M˜S2λ + d · T
M˜ν∩M˜S
2λ+α∨n
) if i = n.
Assume first that 1 ≤ i ≤ n− 1. Using Proposition 6.7 of [15] and Proposition 2.8, we obtain
ST˜
G˜
(T2λ) = S
T˜
M˜ν∩M˜S
(T M˜ν∩M˜S2λ ) = τ2λ − τ2λ+α∨i ,
which completes the proof in the case 1 ≤ i ≤ n− 1.
Finally, assume i = n. In this case, λ˜(̟)2 is central in M˜ν ∩ M˜S, and Proposition 2.2(5) implies
ST˜
G˜
(T2λ) = τ2λ + d · S
T˜
M˜ν∩M˜S
(T M˜ν∩M˜S2λ+α∨n
).
Since S
M˜ν∩M˜S
(T M˜ν∩M˜S2λ+α∨n
) = τ2λ+α∨n +
∑
µ6=2λ+α∨n
c2λ+α∨n (µ)τµ, we can use Corollary 2.7 to conclude that d = 0.
Thus, we obtain
ST˜
G˜
(T2λ) = τ2λ.

3.2. Alternate proof of Theorem 3.1 for short simple roots. We wish to present a more conceptual
proof of the change-of-weight theorem, suggested by Florian Herzig, in the case of a fixed short simple root
αi, 1 ≤ i ≤ n− 1. As above, it suffices to prove Proposition 3.3.
As in the previous proof, we take
λ := −
i∑
j=1
λj ,
so that 〈αj ,−λ〉 = δi,j . By Proposition 2.2(5), we have
(10) ST˜
G˜
(T2λ) =
∑
µ∈X∗(T )−
µ≥2λ
c2λ(µ)τµ,
with c2λ(2λ) = 1. The condition µ ≥ 2λ gives µ = 2λ +
∑n
k=1 akα
∨
k for ak ∈ Z≥0, while the condition
µ ∈ X∗(T )− is equivalent to
n∑
k=1
ak〈αj , α
∨
k 〉 ≤ 2〈αj ,−λ〉 = 2δi,j
for each 1 ≤ j ≤ n.
We define
A :=
{
~a = (a1, . . . , an) ∈ (Z≥0)n :
n∑
k=1
ak〈αj , α
∨
k 〉 ≤ 2〈αj ,−λ〉
}
,
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so that equation (10) takes the form
(11) ST˜
G˜
(T2λ) =
∑
~a∈A
c2λ(2λ+ ~a · ~α)τ2λ+~a·~α
where ~α = (α∨1 , . . . , α
∨
n). To proceed further, we require a useful combinatorial property of the set A. Fix
~a ∈ A, and define
A6=i~a := {
~b = (b1, . . . , bn) ∈ A : bj = aj for all j 6= i}.
Since ~a ∈ A6=i~a , we have A
6=i
~a 6= ∅.
Lemma 3.8. Fix ~a ∈ A, and let {~εj : 1 ≤ j ≤ n} denote the standard basis of Zn.
(1) If aj = 0 for all j 6= i, then A
6=i
~a = {
~0, ~εi}.
(2) If aj 6= 0 for some j 6= i, then A
6=i
~a = {~a}.
Proof. Fix ~a ∈ A, and let ~b = (b1, . . . , bn) ∈ A denote the “minimal” element of A
6=i
~a ; that is, we have bj = aj
for all j 6= i, and bi is as small as possible. Then all elements of A
6=i
~a are of the form
~b+m~εi with m ≥ 0.
Let C = (〈αj , α∨k 〉)j,k denote the Cartan matrix of Sp2n, and define ~c := C
~b. As ~b ∈ A, we have cj ≤ 2δi,j
for all j. Assume first that ci ≤ 0, so that all entries of ~c are nonpositive. Since all entries of C−1 are
nonnegative (cf. [17], §13, Table 1, or [19]), we see that all entries of ~b = C−1~c are nonpositive. On the other
hand, ~b ∈ A, which implies ~b = ~0. We have m〈αi, α∨i 〉 ≤ 2 if and only if m ≤ 1, so this gives A
6=i
~a = {
~0, ~εi}.
We may therefore assume 1 ≤ ci ≤ 2. The ith entry of C(~b +m~εi) is ci + 〈αi, α∨i 〉m = ci + 2m. Assuming
~b+m~εi ∈ A, we have ci + 2m ≤ 2, which implies m = 0. Therefore, A
6=i
~a = {
~b} = {~a}. 
We now analyze Hecke eigenvalues of principal series representations. Let Pi =Mi⋉Ni denote the standard
parabolic subgroup corresponding to {αi} with standard Levi subgroupMi, so thatMi ∼= (F×)i−1×GL2(F )×
(F×)n−i−1. Let ξ : T −→ F
×
p denote a smooth character of T . We assume throughout that ξ◦α
∨
i : F
× −→ F
×
p
is the trivial character, so that ξ extends to a one-dimensional representation of Mi. We continue to denote
this representation of Mi by ξ. By Theorem 30 of [3], we have a short exact sequence of Mi-representations
(12) 0 −→ ξ −→ IndMi
B−∩Mi
(ξ) −→ ξ ⊗ StGL2 −→ 0,
where StGL2 denotes the Steinberg representation of the GL2 factor.
We inflate the short exact sequence (12) to M˜i to obtain
0 −→ ξ −→ IndM˜i
B˜−∩M˜i
(ξ) −→ ξ ⊗ StGL2 −→ 0.
Here, the character ξ is viewed as a character of M˜i via pr, and the M˜i-equivariant isomorphism Ind
Mi
B−∩Mi
(ξ) ∼=
IndM˜i
B˜−∩M˜i
(ξ) is defined by sending f to f ◦ pr. We further twist the above sequence by χψ|M˜i to obtain an
exact sequence of genuine M˜i-representations:
0 −→ ξ ⊗ χψ −→ Ind
M˜i
B˜−∩M˜i
(ξ) ⊗ χψ ∼= Ind
M˜i
B˜−∩M˜i
(ξ ⊗ χψ) −→ ξ ⊗ StGL2 ⊗ χψ −→ 0.
Finally, we parabolically induce this sequence to G˜ to get
(13) 0 −→ IndG˜
P˜−i
(ξ ⊗ χψ) −→ Ind
G˜
B˜−
(ξ ⊗ χψ) −→ Ind
G˜
P˜−i
(ξ ⊗ StGL2 ⊗ χψ) −→ 0.
Consider again the weight V˜ as in §3.1, and assume we have a K˜-equivariant injection f : V˜ −֒→ IndG˜
P˜−i
(ξ⊗
χψ)|K˜ (this happens if V˜(U−∩K)∗
∼= ξ⊗χψ|T˜∩K˜ as (T˜ ∩K˜)-representations). Composing this with the injection
in the short exact sequence (13), we obtain
0 6= Hom
K˜
(
V˜ , IndG˜
B˜−
(ξ ⊗ χψ)|K˜
)
∼= HomT˜∩K˜
(
V˜(U−∩K)∗ , ξ ⊗ χψ|T˜∩K˜
)
.
We let f
T˜
∈ Hom
T˜∩K˜(V˜(U−∩K)∗ , ξ⊗χψ|T˜∩K˜) denote the element corresponding to f , characterized by fT˜ (v) =
f(v)(1) for v ∈ V˜ . Additionally, we let
 : Hom
T˜∩K˜
(
V˜(U−∩K)∗ , ξ ⊗ χψ|T˜∩K˜
)
∼
−→ Hom
K˜
(
V˜ , IndG˜
B˜−
(ξ ⊗ χψ)|K˜
)
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denote the inverse of the above map; then  sends f
T˜
to f . The Hecke algebra H
G˜
(V˜ ) naturally acts
on the multiplicity space Hom
K˜
(V˜ , IndG˜
B˜−
(ξ ⊗ χψ)|K˜) on the right, and likewise HT˜ (V˜(U−∩K)∗) acts on
Hom
T˜∩K˜(V˜(U−∩K)∗ , ξ ⊗ χψ|T˜∩K˜), so the functorial properties of the Satake transform ([12], diagram (4))
give
f ∗ T2λ = 
(
f
T˜
∗ ST˜
G˜
(T2λ)
)
,
where (f ∗ Tλ′)(v) =
∑
g∈K˜\G˜ g
−1 · f(Tλ′(g)(v)) (and we have an analogous expression for fT˜ ∗ τµ′ ; see [15],
§2.1.2).
Fix v ∈ V˜ . By the explicit action of H
T˜
(V˜(U−∩K)∗) on fT˜ , we get
(f
T˜
∗ τµ)(v) =
∑
t∈(T˜∩K˜)\T˜
t−1 · f
T˜
(τµ(t)(v))
= µ˜(̟)−1 · f
T˜
(v)
= (ξ ⊗ χψ)(µ˜(̟))
−1f
T˜
(v).
Therefore, using equation (11) gives
f ∗ T2λ = 
(
f
T˜
∗ ST˜
G˜
(T2λ)
)
= 
(
f
T˜
∗
(∑
~a∈A
c2λ(2λ+ ~a · ~α)τ2λ+~a·~α
))
= 
((∑
~a∈A
c2λ(2λ+ ~a · ~α)(ξ ⊗ χψ)( ˜(2λ+ ~a · ~α)(̟))−1
)
f
T˜
)
= (ξ ⊗ χψ)(λ˜(̟))
−2
∑
~a∈A
c2λ(2λ+ ~a · ~α)
 n∏
j=1
(ξ ⊗ χψ)(α˜
∨
j (̟))
−aj
 f
= (ξ ⊗ χψ)(λ˜(̟))
−2
 ∑
distinct A6=i
~a
 ∑
~b∈A6=i
~a
c2λ(2λ+~b · ~α)
 n∏
j=1
j 6=i
(ξ ⊗ χψ)(α˜
∨
j (̟))
−aj
 f(14)
The fifth equality follows from the fact that ξ ⊗ χψ is trivial on α˜∨i (x). Moreover, for distinct sets A
6=i
~a , A
6=i
~a′ ,
the (n−1)-tuples (a1, . . . , ai−1, ai+1, . . . , an), (a
′
1, . . . , a
′
i−1, a
′
i+1, . . . , a
′
n) are distinct (this follows directly from
the definition).
Now, the map f : V˜ −֒→ IndG˜
P˜−i
(ξ ⊗ χψ)|K˜ induces a map f : ind
G˜
K˜
(V˜ ) −→ IndG˜
P˜−i
(ξ ⊗ χψ) by Frobenius
reciprocity. This descends to a nonzero map (which we still denote f)
f : χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) −→ IndG˜
P˜−i
(ξ ⊗ χψ),
where χ denotes the character obtained by composing the Satake transform ST˜
G˜
: H
G˜
(V˜ ) −→ H
T˜
(V˜(U−∩K)∗)
with the character τµ 7−→ (ξ ⊗ χψ)(µ˜(̟))−1. In addition, the maps ϕ−, ϕ+ induce maps ϕ−,ϕ+ as follows:
χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ )
ϕ
+
//
χ⊗H
G˜
(V˜ ′) ind
G˜
K˜
(V˜ ′)
ϕ
−
oo
whose composite is the constant (14). (Here we identify H
T˜
(V˜(U−∩K)∗) and HT˜ (V˜
′
(U−∩K)∗).)
We claim that the constant (14) is equal to 0. Suppose not. Then ϕ+ and ϕ− are isomorphisms, and we
obtain a nonzero map
f ◦ϕ− : χ⊗H
G˜
(V˜ ′) ind
G˜
K˜
(V˜ ′) −→ IndG˜
P˜−i
(ξ ⊗ χψ),
which gives, by Frobenius reciprocity, an injection V˜ ′ −֒→ IndG˜
P˜−i
(ξ ⊗ χψ)|K˜ . However, such an injection
implies that Hom
M˜i∩K˜
(V˜ ′
(N−i ∩K)
∗
, ξ ⊗ χψ|M˜i∩K˜) 6= 0, which shows that V˜
′
(N−i ∩K)
∗
is one-dimensional. This
contradicts the construction of V˜ ′.
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Therefore, we have that the constant (14) equals 0, for all ξ such that ξ ◦ α∨i is the trivial character and
V˜(U−∩K)∗ ∼= ξ⊗χψ|T˜∩K˜ as (T˜ ∩K˜)-representations. Viewing the constant (14) as a polynomial in the variables
(ξ⊗χψ)(α˜∨j (̟)) for j 6= i, we see that this polynomial vanishes at every point of (F
×
p )
n−1, and therefore must
be identically zero by the Nullstellensatz. Using the description of the sets A6=i~a , this gives
0 =
∑
~b∈A6=i
~a
c2λ(2λ+~b · ~α)
=
{
c2λ(2λ) + c2λ(2λ+ α
∨
i ) = 1 + c2λ(2λ+ α
∨
i ) if aj = 0 for all j 6= i,
c2λ(2λ+ ~a · ~α) if aj 6= 0 for some j 6= i.
We conclude
ST˜
G˜
(T2λ) = τ2λ − τ2λ+α∨
i
.
4. Classification
We now begin our classification of irreducible admissible genuine representations of G˜. We follow the
reductive case closely (cf. [1], [2], [15]).
4.1. Setup.
Definition 4.1. Given a simple root α ∈ Π, we define M ′α ⊂ G˜ to be the subgroup generated by U
∗
α and
U∗−α.
Lemma 4.2. We have
M ′α
∼=
{
SL2(F ) if α 6= αn,
S˜L2(F ) if α = αn.
Proof. Let α ∈ Π, and let ϕα : SL2(F ) −→ G denote the morphism associated to α. Pulling back the cover
G˜ −→ G to SL2(F ) via ϕα gives the diagram:
1 // µ2 // G˜
pr //

G // 1
1 // µ2 // H˜ //
OO
SL2(F ) //
ϕα
OO
1
The cover H˜ −→ SL2(F ) may be realized by an extension of algebraic groups (as in §2.2), and is therefore
determined by the restriction of the quadratic form Q to Zα∨. Since Q(α∨i ) = 2 for 1 ≤ i ≤ n − 1 and
Q(α∨n) = 1, we see that the extension
1 −→ µ2 −→ H˜ −→ SL2(F ) −→ 1
defined by ϕα splits if and only if α 6= αn. This gives the claim.
Alternatively, one may obtain the result by computing the extension class of the pullback using Steinberg
cocycles (cf. [24]). 
The following lemma will be useful in the definition of a supersingular triple at the end of this section.
Lemma 4.3. Let M˜ be a Levi subgroup of G˜, and let ΠM = Π1 ⊔ Π2 be a partition of ΠM such that
〈Π1,Π
∨
2 〉 = 0. Let M˜i denote the Levi subgroup corresponding to Πi, and let L
′
2 denote the subgroup of
T˜ ⊂ M˜1 generated by T˜ ∩M ′β for β ∈ Π2. We then have
M˜/[M˜2, M˜2] ∼= M˜1/L
′
2.
Proof. This follows easily from the proof of Lemma 3.2 of [2]. Note that we must split up the proof into the
cases αn ∈ Π2 and αn 6∈ Π2. 
Recall the set Π(χ) used in the statement of the change-of-weight theorem (equation (7)). Given a standard
Levi subgroup M˜ , a weight V˜ of M˜ , and a character χ : H
M˜
(V˜ ) −→ Fp, we let ΠM (χ) denote the analogously
defined subset of ΠM .
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Definition 4.4. Let M˜ be a standard Levi subgroup of G˜ and σ a representation of M˜ . We say σ is
supersingular (with respect to (K˜∩M˜, T˜ , B˜∩M˜)) if it is irreducible, admissible and genuine, and the following
condition is satisfied: for all weights V˜ of M˜ and for all characters χ : H
M˜
(V˜ ) −→ Fp such that there exists
a nonzero map χ⊗H
M˜
(V˜ ) ind
M˜
M˜∩K˜
(V˜ ) −→ σ, we have ΠM (χ) = ΠM .
Remark 4.5. One can similarly define supersingularity with respect to (K˜ ′ ∩ M˜, T˜ , B˜ ∩ M˜), where K˜ ′ is a
maximal compact subgroup of G˜ defined by another hyperspecial point in the apartment corresponding to T .
We will show that the notion of supersingularity is independent of such a choice of maximal compact K˜ ′; see
Lemma 4.16. In the meantime, we will often abbreviate “supersingular with respect to (K˜ ∩ M˜, T˜ , B˜ ∩ M˜)”
to “supersingular.”
As in [2], we begin with a standard parabolic subgroup P˜ = M˜ ⋉N∗, and a genuine irreducible admissible
supersingular representation σ of M˜ . We define
Π(σ) :=
{
α ∈ Π :
⋄ 〈ΠM , α∨〉 = 0
⋄ the group T˜ ∩M ′α acts trivially on σ
}
.
Remark 4.6. Note that, unlike the reductive case, we can never have αn ∈ Π(σ) (this follows from Lemma
4.2 and the fact that σ is genuine).
Remark 4.7. Since G is simply connected, we have T˜ ∩M ′α = (T˜ ∩M
′
α∩K˜)× α˜
∨(̟)Z. In particular, T˜ ∩M ′α
acts trivially on σ if and only if T˜ ∩M ′α ∩ K˜ and α˜
∨(̟) act trivially.
Let P˜ (σ) = M˜(σ) ⋉ N(σ)∗ denote the standard parabolic subgroup corresponding to ΠM ⊔ Π(σ), and
let M˜1 denote the Levi subgroup corresponding to the subset Π(σ). Since σ is trivial on T˜ ∩M ′α for every
α ∈ Π(σ), Lemma 4.3 implies that we may extend σ to a genuine representation of M˜(σ) on which [M˜1, M˜1]
acts trivially. We further inflate this representation to P˜ (σ)− and denote it by eσ; it is irreducible, admissible,
and genuine.
Recall that for any pair of standard parabolic subgroups P ⊂ Q of G, we have the generalized Steinberg
representation of Q−:
StQ
−
P−
:= IndQ
−
P−
(1)
/ ∑
P−(Q′−⊂Q−
IndQ
−
Q′−
(1),
where 1 denotes the trivial representation of each respective group. The unipotent radical of Q− acts trivially
on StQ
−
P−
, and it is known that StQ
−
P−
is irreducible and admissible ([20], The´ore`me 3.1). We shall view StQ
−
P−
as
a (nongenuine) representation of Q˜− by inflation; the inflated representation continues to be irreducible and
admissible. Moreover, the argument of [2] Lemma 5.2 and the discussion preceding it show that St
P (σ)−
Q−
|
[M˜1,M˜1]
is irreducible and admissible.
We consider triples (P˜−, σ, Q˜−), where P˜− and σ are as above, and Q˜− is a parabolic subgroup of G˜
satisfying P˜− ⊂ Q˜− ⊂ P˜ (σ)−. We call such a triple a supersingular triple. Two supersingular triples
(P˜−, σ, Q˜−), (P˜ ′−, σ′, Q˜′−) are defined to be equivalent if P˜ ′− = P˜−, Q˜′− = Q˜− and σ′ ∼= σ. To a triple
(P˜−, σ, Q˜−), we associate the genuine representation eσ⊗St
P (σ)−
Q−
(which is irreducible and admissible by [2],
Lemmas 3.23 and 5.3). We then set
I(P˜−, σ, Q˜−) := IndG˜
P˜ (σ)−
(
eσ ⊗ St
P (σ)−
Q−
)
.
The properties of parabolic induction imply that I(P˜−, σ, Q˜−) is admissible and genuine.
4.2. Main results. We proceed in several stages.
Proposition 4.8. Let (P˜−, σ, Q˜−) be a supersingular triple, and let ϕ ∈ Hom
K˜
(V˜ , I(P˜−, σ, Q˜−)|
K˜
) denote a
nonzero eigenvector for H
G˜
(V˜ ), with associated eigenvalues χ : H
G˜
(V˜ ) −→ Fp. Then Π(χ) = ΠM .
Proof. This follows in exactly the same way as III.18 Corollary of [1]. Note that necessary properties of StQ
−
P−
follow from the reductive case, since this representation is nongenuine, and therefore descends to the reductive
quotient. 
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Proposition 4.9. Given a supersingular triple (P˜−, σ, Q˜−), the representation I(P˜−, σ, Q˜−) is irreducible,
admissible, and genuine.
Proof. It only remains to prove that I(P˜−, σ, Q˜−) is irreducible. Let V˜ be a weight appearing in I(P˜−, σ, Q˜−)|
K˜
,
and assume that ϕ ∈ Hom
K˜
(V˜ , I(P˜−, σ, Q˜−)|
K˜
) is a nonzero eigenvector for H
G˜
(V˜ ), the existence of which
follows from admissibility. Let χ : H
G˜
(V˜ ) −→ Fp denote the set of eigenvalues of ϕ. The map ϕ induces a
nonzero G˜-morphism
ϕ : indG˜
K˜
(V˜ ) −→ I(P˜−, σ, Q˜−),
and we let
ϕ
M˜(σ)
: ind
M˜(σ)
M˜(σ)∩K˜
(V˜(N(σ)−∩K)∗) −։
eσ ⊗ St
P (σ)−
Q−
denote the M˜(σ)-equivariant map associated to ϕ (cf. [12], equation (2)), which is surjective by irreducibility
of eσ ⊗ St
P (σ)−
Q−
. Since parabolic induction is exact, we obtain a G˜-equivariant surjection
IndG˜
P˜ (σ)−
(ϕ
M˜(σ)
) : IndG˜
P˜ (σ)−
(
ind
M˜(σ)
M˜(σ)∩K˜
(V˜(N(σ)−∩K)∗)
)
−։ I(P˜−, σ, Q˜−).
We claim that ϕ(V˜ ) generates I(P˜−, σ, Q˜−). We write V˜ = F˜ (ν) for ν ∈ Xq(T ), and use induction on
|Πν r (ΠM ⊔ Π(σ))|. If this set has size 0, we have Πν ⊂ ΠM ⊔Π(σ), and Proposition 2.4 and the discussion
above show that we have a surjection
H
M˜(σ)
(V˜(N(σ)−∩K)∗)⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) −։ I(P˜−, σ, Q˜−).
By Proposition 2.2(3) and the diagram on p. 465 of loc. cit., this map is the localization of ϕ at an element
whose Satake transform is central and invertible in H
M˜(σ)
(V˜(N(σ)−∩K)∗). Therefore, diagram (4) of loc. cit.
shows that the character χ extends to H
M˜(σ)
(V˜(N(σ)−∩K)∗), and the localization of ϕ descends to a surjection
(which we denote by the same letter)
ϕ : χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) −։ I(P˜−, σ, Q˜−).
We conclude that ϕ(V˜ ) generates I(P˜−, σ, Q˜−).
Assume now that |Πνr(ΠM ⊔Π(σ))| > 0, and fix α ∈ Πνr(ΠM ⊔Π(σ)). Since ΠM = Π(χ) by Proposition
4.8, we have that α 6∈ Π(χ). Suppose for the moment that α 6= αn, and that 〈Π(χ), α∨〉 = 0. We then have
α∨ ∈ X∗(T )M,− and ST˜
M˜
(T M˜α∨) = τα∨ (cf. equation (6)). By III.18 Proposition of [1], the HG˜(V˜ )-eigenvector
ϕ descends to the H
M˜
(V˜(N−∩K)∗)-eigenvector ϕM : V˜(N−∩K)∗ −֒→ σ|K˜∩M˜ (with corresponding eigenvalues
χ′), so that
(χ′ ◦ (ST˜
M˜
)−1)(τα∨ )ϕM (v) = χ
′(T M˜α∨)ϕM (v) = (ϕM ∗ T
M˜
α∨)(v) = α˜
∨(̟)−1 · (ϕM (v)),
where v ∈ V˜ , and where the last equality follows from the fact that α˜∨(̟) is central in M˜ . Using the fact
that α 6= αn, Lemma 5.5 of [2] shows that T˜ ∩M ′α ∩ K˜ acts trivially on σ.
Suppose now only that α 6= αn. Since α 6∈ Π(σ), either 〈Π(χ), α∨〉 6= 0, or 〈Π(χ), α∨〉 = 0 and the subgroup
T˜ ∩M ′α acts nontrivially on σ. In the latter case, the above discussion and Remark 4.7 show that α˜
∨(̟) acts
nontrivially, and consequently (χ′ ◦ (ST˜
M˜
)−1)(τα∨) 6= 1. We are therefore in a position to apply Theorem 3.1
in all cases, and the result follows by induction. 
Corollary 4.10. Let P˜ = M˜ ⋉ N∗ denote a standard parabolic subgroup of G˜, and σ an irreducible ad-
missible genuine supersingular representation of M˜ . Then the composition factors of IndG˜
P˜−
(σ) are given by
{I(P˜−, σ, Q˜−) : P˜− ⊂ Q˜− ⊂ P˜ (σ)−}.
Proof. By definition of the parabolic subgroup P˜ (σ)− = M˜(σ)⋉N(σ)−,∗, we have an extension eσ to M˜(σ),
which satisfies Ind
M˜(σ)
P˜−∩M˜(σ)
(σ) ∼= eσ ⊗ Ind
M˜(σ)
P˜−∩M˜(σ)
(1). Since Ind
M˜(σ)
P˜−∩M˜(σ)
(1) is a nongenuine representation
inflated from the representation Ind
M(σ)
P−∩M(σ)(1) of M(σ), the composition factors of
eσ ⊗ Ind
M˜(σ)
P˜−∩M˜(σ)
(1) are
given by {eσ ⊗ St
P (σ)−
Q−
: P− ⊂ Q− ⊂ P (σ)} ([15], Corollary 7.3). Since parabolic induction is exact, the
result follows. 
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Proposition 4.11. Assume (P˜−, σ, Q˜−) and (P˜ ′−, σ′, Q˜′−) are two supersingular triples such that
I(P˜−, σ, Q˜−) ∼= I(P˜ ′−, σ′, Q˜′−).
Then (P˜−, σ, Q˜−) and (P˜ ′−, σ′, Q˜′−) are equivalent.
Proof. This follows in the same way as the proof in §III.24 of [1], using the functor of ordinary parts. 
Proposition 4.12. Let π be an irreducible admissible genuine representation of G˜. Then there exists a
supersingular triple (P˜−, σ, Q˜−) such that π ∼= I(P˜−, σ, Q˜−).
Proof. Assume first that for every weight V˜ of π and every set of Hecke eigenvalues χ, we have Π(χ) = Π.
This implies that π is supersingular and π ∼= I(G˜, π, G˜). We may therefore assume that we are given V˜ = F˜ (ν)
and χ for which Π(χ) 6= Π, so that we have a surjective morphism
χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) −։ π.
We write χ = χ′ ◦ S
M˜Π(χ)
G˜
for some character χ′ : H
M˜Π(χ)
(V˜(N−
Π(χ)
∩K)∗) −→ Fp. We may further assume that
|Πν | is as small as possible.
Suppose αi ∈ Πν rΠ(χ), and set ν′ = ν + (q − 1)ωαi . We assume that either i = n, or that 1 ≤ i ≤ n− 1
and one of the following holds: (1) 〈Π(χ), α∨i 〉 6= 0; (2) (χ
′ ◦ (ST˜
M˜Π(χ)
)−1)(τα∨
i
) 6= 1. In both cases, Theorem
3.1 shows that we may replace Πν with Πν′ , which contradicts the minimality of |Πν |. Therefore, we have
αn 6∈ Πν rΠ(χ), and for every α ∈ Πν rΠ(χ) we have 〈Π(χ), α∨〉 = 0 and (χ′ ◦ (ST˜
M˜Π(χ)
)−1)(τα∨) = 1.
Assume that Πν ∪ Π(χ) = Π. By the above, we have 〈Π(χ), (Π r Π(χ))∨〉 = 0. Since the root system of
Sp2n is irreducible, this implies Π(χ) = ∅ and Πν = Π. However, the above paragraph shows αn 6∈ Πν , and
we have a contradiction. We may therefore assume Πν ∪Π(χ) 6= Π.
We now induct on n. For n = 1, we have Πν = Π(χ) = ∅, and Proposition 2.4 gives
IndG˜
B˜−
(ξ)
∼
−→ χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) −։ π,
where ξ is the genuine character of T˜ given by χ′ ⊗H
T˜
(V˜(U−∩K)∗ )
indT˜
T˜∩K˜
(V˜(U−∩K)∗). By Proposition 4.9,
IndG˜
B˜−
(ξ) = I(B˜−, ξ, B˜−) is irreducible, and the above surjection is an isomorphism.
Assume now that n > 1, and let P˜ = M˜ ⋉ N∗ denote the standard parabolic subgroup associated to
Πν ∪ Π(χ). Note that V˜ is M˜ -regular by construction. Again applying Proposition 2.4 gives
IndG˜
P˜−
(
χ′ ◦ S
M˜Π(χ)
M˜
⊗H
M˜
(V˜(N−∩K)∗ )
indM˜
M˜∩K˜
(V˜(N−∩K)∗)
)
∼
−→ χ⊗H
G˜
(V˜ ) ind
G˜
K˜
(V˜ ) −։ π.
As in Lemma 9.9 of [15], this implies that there exists an irreducible admissible genuine representation σ of
M˜ and a G˜-equivariant surjection
IndG˜
P˜−
(σ) −։ π.
The assumption Πν ∪ Π(χ) 6= Π implies that the Levi subgroup M has the form
M ∼= GLn1(F )× · · · ×GLnr (F )× Sp2m(F )
with r,m, ni ≥ 1 and m+
∑r
i=1 ni = n. The preimage M˜ therefore takes the form M˜
∼= H˜1×µ2 H˜2, where H˜1
is the preimage of GLn1(F )×· · ·×GLnr(F ) ⊂MS, and H˜2
∼= S˜p2m(F ). One sees easily that every irreducible
admissible genuine representation of M˜ is of the form σ1 ⊠ σ2, where σi is an irreducible admissible genuine
representation of H˜i. By the discussion in §2.7 and Theorem 9.8 of [15], σ1 is a twist by χψ of an irreducible
admissible representation of H1 = GLn1(F )×· · ·×GLnr (F ), and therefore has the desired form. Likewise, by
induction we get that σ2 is of the desired form. Therefore, there exists a parabolic subgroup P˜
−
0 = M˜0⋉N
−,∗
0
and an irreducible admissible genuine supersingular representation σ0 of M˜0 such that π is a subquotient of
IndG˜
P˜−0
(σ0). By Corollary 4.10, the result follows. 
We arrive at our main theorem:
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Theorem 4.13. The map (P˜−, σ, Q˜−) 7−→ I(P˜−, σ, Q˜−) gives a bijection between equivalence classes of
supersingular triples and isomorphism classes of irreducible admissible genuine representations of G˜.
Proof. This follows by collecting together Propositions 4.9, 4.11, and 4.12. 
4.3. Corollaries. We now explore several consequences of the above results.
Let M˜ be a standard Levi subgroup of G˜. We say that a representation π of M˜ is supercuspidal if π
is irreducible, admissible, and genuine, and if π is not isomorphic to a subquotient of a parabolic induction
IndM˜
Q˜−
(σ) for any proper parabolic subgroup Q˜ of M˜ (not necessarily standard) and any irreducible admissible
genuine representation σ of the Levi factor of Q˜.
Proposition 4.14. A representation π of G˜ is supersingular with respect to (K˜, T˜ , B˜) if and only if it is
supercuspidal.
Proof. This follows in same way as VI.2 Theorem of [1], using Theorem 4.13 and Corollary 4.10. 
Corollary 4.15. Let M˜ be a standard Levi subgroup of G˜. A representation σ of M˜ is supersingular with
respect to (K˜ ∩ M˜, T˜ , B˜ ∩ M˜) if and only if σ is supercuspidal.
Proof. We have M˜ ∼= H˜1×µ2 H˜2 as in the final step of the proof of Proposition 4.12, so that H1 ∼= GLn1(F )×
· · ·×GLnr (F ) andH2 ∼= Sp2m(F ) (where we now allow either one ofH1 orH2 to be trivial). The representation
σ decomposes as
σ ∼= (σ1 ⊗ χψ)⊠ σ2,
where σ1 is an irreducible admissible representation of H1 inflated to H˜1, and σ2 is an irreducible admissible
genuine representation of H˜2. One easily sees that σ is supersingular with respect to (K˜ ∩ M˜, T˜ , B˜ ∩ M˜)
(resp. σ is supercuspidal) if and only if σ1 is supersingular with respect to (K ∩ H1, T, B ∩ H1) and σ2 is
supersingular with respect to (K˜ ∩ H˜2, T˜ , B˜ ∩ H˜2) (resp. both σ1 and σ2 are supercuspidal). The result then
follows from Proposition 4.14 and VI.2 Theorem of [1]. 
Next, we discuss the dependence of the notion of supersingularity on the choice of the triple (K˜, T˜ , B˜).
Let (K˜ ′, T˜ ′, B˜′) denote any other such triple (with K˜ ′ the preimage of some hyperspecial maximal compact
subgroup, T˜ ′ the preimage of a split maximal torus, etc.). There exists some γ˜ ∈ G˜Sp2n(F ) such that
(K˜ ′, T˜ ′, B˜′) = (γ˜K˜γ˜−1, γ˜T˜ γ˜−1, γ˜B˜γ˜−1),
and it is clear that conjugation by γ˜ induces a bijection V˜ 7−→ V˜ γ˜ of weights as well as isomorphisms
H
G˜
(V˜ ) −→ H
G˜
(V˜ γ˜) (and likewise for Levi subgroups) which are compatible with Satake transforms on each
side. One may then replace (K˜, T˜ , B˜) with (K˜ ′, T˜ ′, B˜′) in Definition 4.4 and obtain the following:
Lemma 4.16. A representation π of G˜ is supersingular with respect to (K˜, T˜ , B˜) if and only if π is super-
singular with respect to (K˜ ′, T˜ ′, B˜′) as above. If K˜ ′ is a conjugate of K˜ by an element of the maximal torus
of G˜Sp2n(F ) containing T˜ , then a representation σ of a standard Levi subgroup M˜ of G˜ is supersingular with
respect to (K˜ ∩ M˜, T˜ , B˜ ∩ M˜) if and only if it is supersingular with respect to (K˜ ′ ∩ M˜, T˜ , B˜ ∩ M˜). Thus the
results of Theorem 4.13 do not depend on the choice of such K˜ ′.
Proof. The first part follows from applying Proposition 4.14 twice (for the triples (K˜, T˜ , B˜) and (K˜ ′, T˜ ′, B˜′),
respectively), and noting that the notion of supercuspidality does not depend on the choice of triple (K˜, T˜ , B˜).
It therefore only remains to prove the second part. We may decompose σ as
σ ∼= (σ1 ⊗ χψ)⊠ σ2,
as in Corollary 4.15; the result then follows by applying the first part of the present lemma to σ2, and applying
the analogous result in the reductive case (cf. [2], Corollary 5.13) to σ1. 
Finally, we use Theorem 4.13 to describe representations of G˜ induced from the Siegel Levi.
Lemma 4.17. Let σ be an irreducible admissible representation of MS. Then Ind
G˜
P˜−S
(σ⊗χψ) is an irreducible
admissible genuine representation of G˜, where σ is viewed as a nongenuine representation of M˜S by inflation.
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Proof. By the classification theorem for GLn(F ), there exists a standard parabolic subgroup P ⊂ MS with
Levi factor M , a supersingular representation ρ of M , and a parabolic subgroup Q with P ⊂ Q ⊂ P (ρ)S such
that
σ ∼= IndMS
P (ρ)−S
(
eρ⊗ St
P (ρ)−S
Q−
)
.
Here P (ρ)S is the standard parabolic subgroup of MS associated to the subset of simple roots
Π(ρ)S :=
{
α ∈ ΠS :
⋄ 〈ΠM , α∨〉 = 0
⋄ α∨(x) acts trivially on ρ for all x ∈ F×
}
,
and eρ is an extension of ρ to the Levi factor M(ρ)S of P (ρ)S. Therefore
σ ⊗ χψ ∼= Ind
MS
P (ρ)−S
(
eρ⊗ St
P (ρ)−S
Q−
)
⊗ χψ ∼= Ind
M˜S
P˜ (ρ)−S
(
eρ⊗ χψ ⊗ St
P (ρ)−S
Q−
)
.
Inducing from P˜−S to G˜ and using transitivity of induction, we obtain
IndG˜
P˜−S
(σ ⊗ χψ) ∼= Ind
G˜
P˜ (ρ)−S ⋉N
−,∗
S
(
eρ⊗ χψ ⊗ St
P (ρ)−S ⋉N
−
S
Q−⋉N−S
)
.
Let ρ˜ := ρ⊗χψ; then ρ˜ is a supersingular representation of M˜ in the sense of Definition 4.4, and
eρ⊗χψ ∼=
e(ρ⊗χψ) ∼= eρ˜ where the latter is an extension of ρ˜ to M˜(ρ)S. Since the action of T˜ ∩M ′αn on ρ˜ is nontrivial,
Π(ρ)S is equal to Π(ρ˜) and so
IndG˜
P˜−S
(σ ⊗ χψ) ∼= Ind
G˜
P˜ (ρ˜)−
(
eρ˜⊗ St
P (ρ˜)−
Q−⋉N−S
)
= I(P˜− ⋉N−,∗S , ρ˜, Q˜
− ⋉N−,∗S ).

We also have the following description of genuine principal series representations of G˜:
Corollary 4.18. Let σ be a genuine character of T˜ .
(1) The length of IndG˜
B˜−
(σ) is at most 2n−1, and is equal to 2n−1 if and only if σ ◦ α˜∨(x) = 1 for every
x ∈ F× and every short root α ∈ Π.
(2) The representation IndG˜
B˜−
(σ) is irreducible if and only if, for every short root α ∈ Π, there exists
xα ∈ F× such that σ ◦ α˜∨(xα) 6= 1.
(3) Let σ′ be a genuine character of T˜ such that σ 6= σ′. Then IndG˜
B˜−
(σ) and IndG˜
B˜−
(σ′) are inequivalent.
Proof. Corollary 4.10 implies that the length of IndG˜
B˜−
(σ) is equal to the number of subsets of
{α ∈ ΠS : the image of α˜
∨ acts trivially on σ},
giving (1) and (2) (alternatively, one may use Lemma 4.17 and Theorem 8.7 of [15]). Part (3) follows from a
comparison of the composition factors using Corollary 4.10, together with injectivity of the map in Theorem
4.13. 
Remark 4.19. Recall the genuine character χψ of M˜S from §2.7, and denote by the same symbol the
restriction of that character to T˜ . The characters of T and the genuine characters of T˜ are in bijection via
ξ 7−→ ξ⊗χψ. For a fixed nontrivial additive C-character ψ of F , one can then express the criteria of Corollary
4.18 in terms of ξ. In fact, since detMS(α
∨
i (x)) = 1 for each 1 ≤ i ≤ n− 1 and x ∈ F
×, the value of χψ on the
image of α˜∨i is independent of ψ for each 1 ≤ i ≤ n−1. Therefore, the length of Ind
G˜
B˜−
(ξ⊗χψ) is independent
of ψ. On the other hand, Corollary 4.18(3) shows that IndG˜
B˜−
(ξ ⊗ χψ) and Ind
G˜
B˜−
(ξ ⊗ χψa) are equivalent if
and only if χψ ◦ α˜∨n(x) = χψa ◦ α˜
∨
n(x) for every x ∈ F
×, i.e., if and only if a ∈ (F×)2.
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